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Professor Marko Obradović, PhD, Associate Professor
Faculty of Mathematics, University of Belgrade
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Dissertation title: Novel goodness-of-fit tests based on independence-type char-
acterizations

Abstract: The main objective of this dissertation is to develop novel goodness-of-
fit tests based on independence characterizations and to investigate their proper-
ties. The starting point is the fact that certain distributions can be uniquely char-
acterized by the independence of suitable functions of random variables. This
observation makes it possible to reduce goodness-of-fit testing for a hypothe-
sized model to the problem of detecting departures from the corresponding in-
dependence condition. Accordingly, the proposed test statistics are constructed
by comparing empirical versions of joint functionals with the product of the cor-
responding marginal functionals, where the resulting discrepancy serves as the
basis for new goodness-of-fit tests for different classes of distributions.

One of the contributions of the dissertation is the development of goodness-
of-fit tests for the geometric distribution based on Ferguson’s independence char-
acterization. In this setting, the general framework of comparing joint and
marginal empirical functionals is implemented through V-empirical probability
generating functions. Furthermore, a novel approach to goodness-of-fit testing
for absolutely continuous distributions is proposed, relying on the discrepancy
between the joint U-empirical distribution function of an appropriately defined
random vector and the product of its marginal U-empirical distribution func-
tions. Another part of the research focuses on circular data. A goodness-of-fit test
for the wrapped normal distribution is proposed, where the general methodology
is adapted to the periodic structure of observations on the circle.

The theoretical part of the dissertation is devoted to the derivation of the
asymptotic properties of the proposed test statistics, drawing on the theory of
U- and V- statistics as well as on the theory of U-empirical processes. An addi-
tional contribution is the establishment of new asymptotic results for finite linear
combinations of weakly degenerate V-statistics, both in settings with known pa-
rameters and in settings involving parameter estimation. These findings provide
the theoretical foundation for a class of combined tests in which appropriately
chosen weights regulate the contribution of individual components and can be
used to enhance the overall efficiency of the testing procedure.

The practical performance of the proposed methods will be assessed through
extensive simulation studies and the analysis of several real data sets. The sim-
ulation study will investigate the finite-sample properties of the tests under the
null hypothesis and a range of relevant alternatives, while the real-data applica-
tions will demonstrate their usefulness in practical statistical problems. In this
way, the empirical part of the dissertation will complement the theoretical de-
velopments and provide evidence of the practical applicability of the proposed
methodologies.

Keywords: goodness-of-fit testing, independence characterizations, linear com-
binations of degenerate V-statistics, circular distributions, bootstrap

Scientific Area: Mathematics

Scientific Sub-Area: Probability and Statistics
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Наслов дисертациjе: Нови тестови сагласности засновани на карактеризациjама
независности статистика

Резиме: Главни циљ ове дисертациjе jесте развоj нових тестова сагласности
заснованих на карактеризациjама независности, као и испитивање њихових
своjстава. Полазна идеjа jе да се поjедине расподеле могу jеднозначно одредити
условом независности одговараjућих функциjа случаjних променљивих. То
омогућава да се провера сагласности са претпостављеним моделом сведе на
испитивање одступања од тог услова независности. У складу са тим, предложене тест
статистике засниваjу се на поређењу емпириjских верзиjа заjедничких функционала
са производом одговараjућих маргиналних функционала, при чему се њихова
разлика користи као основа за конструкциjу нових тестова сагласности за различите
класе расподела.

Jедан од доприноса дисертациjе jесте развоj тестова сагласности за геометриjску
расподелу, заснованих на Фергусоновоj карактеризациjи независности. У овом
случаjу општи приступ заснован на поређењу заjедничких и маргиналних
емпириjских функционала реализуjе се преко V-емпириjских вероватносних
генераторних функциjа. Поред тога, предложен jе нови приступ тестирању
сагласности за апсолутно непрекидне расподеле, заснован на разлици заjедничке U-
емпириjске функциjе расподеле одговараjућег случаjног вектора и производа њених
маргиналнихU-емпириjскихфункциjа расподеле. Jош jедан од праваца истраживања
посвећен jе циркуларним подацима. Предложен jе одговараjући тест сагласности за
обавиjену нормалну расподелу, уз прилагођавање опште методологиjе периодичноj
структури опсервациjа на кругу.

Теориjски део дисертациjе усмерен jе на извођење асимптотских своjстава
предложених тест-статистика, уз ослањање на теориjу U- и V- статистика, као и
теориjу U-емпириjских процеса. Додатни допринос представља извођење нових
резултата о асимптотским расподелама коначних линеарних комбинациjа слабо
дегенерисаних V- статистика, како у случаjу познатих параметара, тако и у
ситуациjама у коjима се параметри оцењуjу на основу података. Добиjени резултати
служе као теориjска основа за креирање комбинованих тестова, код коjих се избором
тежина контролише утицаj поjединачних компоненти и настоjи побољшати њихова
укупна ефикасност.

Практично понашање предложених метода испитуjе се кроз симулационе студиjе
и анализу неколико реалних скупова података. Приликом симулациjа разматраjу се
коначноузорачке особине тестова под нултом хипотезоми изабраним алтернативама,
док примене на реалним подацима илуструjу њихову употребу у конкретним
статистичким проблемима. На таj начин емпириjски део дисертациjе допуњуjе
теориjске резултате и илуструjе практичну применљивост предложених метода.

Кључне речи: тестови сагласности, карактеризациjе независности, линеарне
комбинациjе дегенерисаних V-статистика, циркуларне расподеле, бутстреп

Научна област: Математика

Ужа научна област: Вероватноћа и статистика
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Chapter 1

Introduction

A common approach to constructing goodness-of-fit tests is to begin with a
property that uniquely identifies the distribution under the null hypothesis. In
characterization-based testing, such a property is valid only under the null hy-
pothesis. The test statistic is then designed to measure the departure from that
property. In this dissertation, attention is restricted to characterizations in which
the defining property is expressed through the independence of suitably con-
structed random quantities. The passage from the theoretical characterization to
its empirical version leads to test statistics whose analysis relies on the theory of
U- and V-statistics and their process analogues. Therefore, a careful study of the
corresponding asymptotic behavior is required.

Accordingly, this introductory chapter presents the theoretical tools needed
for the analysis carried out in the rest of the dissertation. It begins with a brief
overview of selected convergence results and limit theorems for random elements
taking values in metric and Hilbert spaces. Afterwards, the basic theory of U- and
V-statistics is presented, including their definitions, illustrative examples, and
fundamental results concerning their limiting distributions. This theory is essen-
tial for the dissertation, since the test statistics studied in the subsequent chapters
are formulated as U- and V-statistics or their functionals. The well-established re-
sults presented in this chapter can be found in Korolyuk and Borovskikh (2013),
Serfling (1980) and Billingsley (1999) as well as in the references cited throughout
the chapter. This chapter also contains novel results concerning finite linear com-
binations of degenerate V-statistics, both in the known-parameter and unknown-
parameter settings (see Theorem 1.12, Corollary 1.1 and 1.2). The chapter then
proceeds to U-processes, which arise as a natural extension of U-statistics and
play an important role in the subsequent construction and analysis of test statis-
tics. The last part of the chapter introduces distributional characterizations in
general and then focuses on independence characterizations, which are the basis
for the gof tests proposed in the thesis.
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1.1 Convergence results for random elements in met-

ric and Hilbert spaces

The asymptotic analysis of the test statistics considered in this dissertation in-
volves empirical processes and related statistic-based quantities as random ele-
ments in suitable function spaces. Since the convergence results used later are
naturally formulated in the general setting of metric spaces, this section begins
with the corresponding basic notions and results. These results will then be ap-
plied, in particular, to random elements taking values in Hilbert spaces.

Let (Ω,A, P) be a probability space and let (M, d) be a metric space equipped
with its Borel σ-field B(M). A mapping

X : Ω → M

is called a random element in M if X−1(B) ∈ A, ∀B ∈ B(M).
Special cases of this definition include the usual notions of random variables

and random vectors. Namely, if M = R, then X is a random variable, while for
M = Rk, X is a random vector. If M is a function space, then X is referred to as
a random function.

The distribution of X is the probability measure PX on (M,B(M)) defined
by

PX(A) = P(X ∈ A) = P{ω ∈ Ω : X(ω) ∈ A}, A ∈ B(M).

Let P and Pn, n ≥ 1, be probability measures on (M,B(M)). Weak conver-
gence of Pn to P, denoted by

Pn ⇒ P, n → ∞

means that ∫
M

f dPn −→
∫
M

f dP, n → ∞

for every bounded continuous function f : M → R.
Let X, X1, X2, . . . be random elements in M, with corresponding distributions

PX, PX1 , PX2 , . . .. Convergence in distribution of Xn to X is defined as weak con-
vergence of the corresponding distributions, that is,

PXn ⇒ PX, n → ∞.

2



This convergence is also denoted by

Xn
D−−−→

n→∞
X.

In addition to convergence in distribution, two stronger modes of conver-
gence will also be used. The sequence {Xn}n≥1 is said to converge in probability
to X if, for every ε > 0,

P (d(Xn, X) > ε) −→ 0, n → ∞.

This convergence is denoted by

Xn
P−−−→

n→∞
X.

The sequence {Xn}n≥1 is said to converge almost surely to X if

P
({

ω ∈ Ω : lim
n→∞

d(Xn(ω), X(ω)) = 0
})

= 1.

This convergence is denoted by

Xn
a.s.−−−→

n→∞
X.

A set A ∈ B(M) is called a P-continuity set if its boundary ∂A satisfies

P(∂A) = 0.

Since ∂A is closed, it belongs to B(M).
The following result gives several equivalent formulations of weak conver-

gence of probability measures.

Lemma 1.1 (Portmanteau lemma, Billingsley, 1999). Let (M, d) be a metric space,
and let Pn, n ≥ 1, and P be probability measures on (M,B(M)). Then the following
conditions are equivalent:

(i) Pn ⇒ P, n → ∞.

(ii) For every bounded uniformly continuous function f : M → R,∫
M

f dPn −→
∫
M

f dP, n → ∞.

3



(iii) For every closed set F ⊂ M,

lim sup
n→∞

Pn(F) ≤ P(F).

(iv) For every open set G ⊂ M,

lim inf
n→∞

Pn(G) ≥ P(G).

(v) For every P-continuity set A ∈ B(M),

lim
n→∞

Pn(A) = P(A).

Since the next result is formulated for random elements taking values in sep-
arable metric spaces, separability of metric spaces is briefly recalled before its
statement.

Definition 1.1. A metric space M is called separable if there exists a countable subset
D = {x1, x2, . . . } ⊂ M such that D = M. Equivalently, for every h ∈ M and every
ε > 0, there exists xk ∈ D satisfying

d(h, xk) < ε.

For random elements X1, . . . , Xn taking values in M, the empirical measure is
defined by

µn(B) =
1
n

n

∑
j=1

δXj(B) =
1
n

n

∑
j=1

1{Xj ∈ B}, for B ∈ B(M).

The next theorem provides a general consistency result for empirical measures. It
states that for independent random elements taking values in a separable metric
space, the empirical measure converges weakly almost surely to the underlying
probability measure.

Theorem 1.1 (Varadarajan theorem, Dudley, 2002). Suppose that (M, d) is a sep-
arable metric space and that µ is a Borel probability measure on M. Let X1, X2, . . . be
independent random elements in M with common distribution µ, and let

µn =
1
n

n

∑
j=1

δXj

4



denote the empirical measure. Then the empirical measures µn converge a.s. to µ, i.e.

P ({ω : µn(·)(ω) → µ}) = 1.

The convergence of random elements is frequently used as a starting point for
deriving the limiting distributions of statistics obtained as their functionals. The
passage from the convergence of the underlying random elements to the con-
vergence of the corresponding statistics is justified by the continuous mapping
theorem stated below, provided that the functional is measurable and continu-
ous at the limiting element with probability one; see, for example, van der Vaart,
1998; Billingsley, 1999.

Theorem 1.2 (Continuous mapping theorem). Let (M, d) and (M′, d′) be metric
spaces, and let Xn and X be random elements taking values in M. Let g : M → M′ be
a Borel measurable function, and denote by Dg the set of discontinuity points of g, such
that P(X ∈ Dg) = 0. Then the following implications hold:

(i) If Xn
a.s.−−−→

n→∞
X, then g(Xn)

a.s.−−−→
n→∞

g(X).

(ii) If Xn
P−−−→

n→∞
X, then g(Xn)

P−−−→
n→∞

g(X).

(iii) If Xn
D−−−→

n→∞
X, then g(Xn)

D−−−→
n→∞

g(X).

The continuous mapping theorem is often used together with Slutsky’s theo-
rem in the derivation of limiting distributions. Slutsky’s theorem is particularly
useful when a weakly convergent sequence has to be combined with another se-
quence converging in probability to a non-random limit. For this reason, the ver-
sion of Slutsky’s theorem for random elements in metric spaces is stated below,
in the form that will be used throughout the dissertation (see, e.g., van der Vaart
and Wellner, 1996).

Theorem 1.3 (Slutsky’s theorem). Let (X , dx) and (Y , dy) be metric spaces. Let Xn

and X be X -valued Borel measurable random elements, and let Yn be Y-valued Borel
measurable random elements. Assume that X is separable, that is, there exists a separable
subset X0 ⊂ X such that

P(X ∈ X0) = 1.

If
Xn

D−−−→
n→∞

X in X

and
Yn

D−−−→
n→∞

y in Y ,
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where y ∈ Y is non-random, then

(Xn, Yn)
D−−−→

n→∞
(X, y) in X ×Y ,

where X ×Y is equipped with a product metric.

Since every Hilbert space is a metric space with respect to the metric induced
by its norm, the above theorems apply directly to random elements taking values
in Hilbert spaces.

Throughout the remainder of this section, let H be a Hilbert space with inner
product ⟨·, ·⟩ and induced norm

∥x∥ =
√
⟨x, x⟩, x ∈ H.

A random element X taking values in H is understood as a Borel measurable
mapping into H. Within this framework, the central limit theorem for Hilbert-
valued random elements can be stated in the following form (see, e.g., van der
Vaart and Wellner, 1996).

Theorem 1.4 (Central limit theorem). If X1, X2, . . . are i.i.d. Borel measurable random
elements in a separable Hilbert space H such that

E⟨X1, h⟩ = 0 for every h ∈ H,

and
E∥X1∥2 < ∞.

Then the sequence
1√
n

n

∑
i=1

Xi

converges in distribution to a Gaussian variable G. The distribution of G is determined
by the distribution of its marginals ⟨G, h⟩, which are N (0, E⟨X1, h⟩2)-distributed for
every h ∈ H.

For the analysis of bootstrap approximations, limit theorems for triangular ar-
rays of Hilbert-space-valued random elements are required. In particular, results
of this type allow one to establish the conditional weak convergence of bootstrap
versions of the statistics under consideration.

Theorem 1.5 (Kundu et al., 2000). Let H be a separable Hilbert space and let {ek : k ≥
1} be an orthonormal basis of H. For each n ∈ N, let Yn1, Yn2, . . . , Ynn be independent
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H-valued random elements such that

E
(
⟨Yni, ek⟩

)
= 0 and E

(
∥Yni∥2) < ∞

for all i = 1, . . . , n and k ≥ 1. Denote by

Sn :=
n

∑
i=1

Yni

the corresponding partial sum, and let Γn denote the covariance operator of Sn.
Assume that the following conditions are satisfied:

(i) For every k, ℓ ≥ 1,
lim

n→∞
⟨Γnek, eℓ⟩ = αkℓ.

(ii)

lim
n→∞

∞

∑
k=1

⟨Γnek, ek⟩ =
∞

∑
k=1

αkk < ∞.

(iii) For every ε > 0 and every k ≥ 1,

lim
n→∞

Ln(ε, ek) = 0,

where for every h ∈ H

Ln(ε, h) :=
n

∑
i=1

E
(
⟨Yni, h⟩21{|⟨Yni, h⟩| > ε}

)
.

Then, Sn converge in distribution to the centered Gaussian measure on H with covariance
operator Γ, determined by

⟨Γh, ek⟩ =
∞

∑
ℓ=1

⟨h, eℓ⟩αℓk, k ≥ 1, h ∈ H.

1.2 U- and V- statistics

Consider a nonparametric family P of probability measures defined on an arbi-
trary measurable space. For F ∈ P , let θ(F) be a real-valued functional.

Definition 1.2. A parameter θ(F) is said to be an estimable parameter within P if there
exists an integer m and a real-valued measurable function Φ(x1, . . . , xm) such that, for
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i.i.d. random variables X1, . . . , Xm with distribution F and support S ⊂ Rd,

EF
[
Φ(X1, . . . , Xm)

]
= θ(F) for all F ∈ P .

The smallest such integer m is called the degree of θ(F).

It should be noted that the function Φ can always be taken to be symmetric in
its arguments. This is because, given any unbiased estimator Ψ of θ(F), one can
form a new function by averaging Ψ over all possible permutations of its input
variables. The resulting function is symmetric by construction and retains the
same expectation under any distribution F ∈ P as the original estimator Ψ. In
other words, symmetrization does not affect unbiasedness, but ensures that the
estimator treats all its arguments equivalently.

Definition 1.3. Let Φ(x1, . . . , xm) be a real-valued measurable function symmetric in
its arguments, and let X1, . . . , Xn be a sample of size n ≥ m with a distribution F and
support S ⊂ Rd. A U-statistic with kernel Φ of degree m is defined as

Un = Un(Φ) =
1
(n

m)
∑

(i1,...,im)∈Cm,n

Φ(Xi1 , . . . , Xim),

where the summation is over the set Cm,n of increasing m-tuples of indices from
{1, . . . , n} with distinct entries.

If θ(F) = EF[Φ(X1, . . . , Xm)] exists for all F ∈ P , then the U-statistic Un pro-
vides an unbiased estimator of θ(F). Furthermore, Un possesses the optimality
property of being the best unbiased estimator (minimum-variance unbiased esti-
mator) whenever P is sufficiently large, for instance, if it includes all distributions
for which θ(F) is finite (see, e.g., Serfling, 1980, Section 5.1.4).

Some examples of U-statistics are presented below.

Example 1. The simplest case is obtained for kernels of degree one. Taking Φ(x) = x,
the corresponding U-statistic is

Un =
1
n

n

∑
i=1

Φ(Xi) =
1
n

n

∑
i=1

Xi = X̄n.

Hence, the sample mean is obtained as a U-statistic with kernel Φ(x) = x.

Example 2. The Gini mean difference admits a representation as a U-statistic of degree
two. Namely,

Un =

(
n
2

)−1

∑
1≤i<j≤n

Φ(Xi, Xj),
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where the symmetric kernel is given by

Φ(x, y) = |x − y|.

Example 3. Let X1, . . . , Xn be continuous observations and let Ri be the rank assigned
to |Xi| in the ordered sequence of absolute observations |X1|, . . . , |Xn|. The Wilcoxon
signed-rank statistic is defined as

W+
n =

n

∑
i=1

Ri1{Xi > 0}.

It represents the sum of the ranks corresponding to positive observations. This statistic
can be expressed as a linear combination of two one-sample U-statistics. Indeed,

W+
n =

(
n
2

)
U(1)

n (h) + nU(2)
n ( f ),

where

U(1)
n (h) =

(
n
2

)−1

∑
1≤i<j≤n

h(Xi, Xj), U(2)
n ( f ) =

1
n

n

∑
i=1

f (Xi),

with kernels
h(x, y) = 1{x + y > 0}, f (x) = 1{x > 0}.

After introducing U-statistics and several illustrative examples, the next ob-
ject of interest is the class of V-statistics, which form a closely related class of
statistics. In contrast to U-statistics, where the summation is taken over increas-
ing tuples of indices and therefore only over mutually distinct observations, V-
statistics are defined by averaging the kernel over all possible m-tuples of indices.
Thus, diagonal terms, corresponding to cases in which two or more arguments of
the kernel are evaluated at the same observation, are also included. Accordingly,
for a kernel Φ of degree m, the corresponding V-statistic is defined by

Vn = Vn(Φ) =
1

nm

n

∑
i1=1

· · ·
n

∑
im=1

Φ(Xi1 , . . . , Xim), (1.1)

where {Xi1 , . . . , Xim} are m elements chosen from {X1, . . . , Xn} with replacement,
and the summation runs over all nm ordered m-tuples.

Example 4. (Rizzo, 2002) Let X1, . . . , Xn denote a random sample from a distribution F,
and suppose that the null hypothesis is H0 : F = F0. The one-sample energy gof statistic

9



can be written as a V-statistic of degree two. Indeed, if ρ is a distance function such that
all the expectations below are finite, then

En =
2
n

n

∑
i=1

EYρ(Xi, Y)− 1
n2

n

∑
i=1

n

∑
j=1

ρ(Xi, Xj)− Eρ(Y, Y′),

where Y, Y′ are independent random variables with distribution F0. Equivalently,

En =
1
n2

n

∑
i=1

n

∑
j=1

h(Xi, Xj),

with
h(x, x′) = EYρ(x, Y) + EYρ(x′, Y)− ρ(x, x′)− Eρ(Y, Y′).

Thus, En is a one-sample V-statistic of degree two.

Example 5. Let X1, . . . , Xn be a random sample from a distribution function F, and
suppose that the null hypothesis is H0 : F = F0. The Cramér-von Mises statistic defined
by

Tn =
∫

R

(
Fn(t)− F0(t)

)2 dF0(t).

where

Fn(t) =
1
n

n

∑
i=1

1{Xi ≤ t},

can be written as the V-statistic of degree two

Tn =
1
n2

n

∑
i=1

n

∑
j=1

Φ(Xi, Xj),

with kernel

Φ(x, y) =
∫

R

(
1{x ≤ t} − F0(t)

)(
1{y ≤ t} − F0(t)

)
dF0(t).

Having presented several examples, attention is now focused on the variance
of U-statistics, which provides an important basis for their asymptotic analysis.
The results stated below are based on the theory derived in Hoeffding, 1948.

Assume that Φ is a symmetric kernel of degree m such that

E
(
Φ(X1, . . . , Xm)

)
= θ

is well defined and
Var
(
Φ(X1, . . . , Xm)

)
< ∞.
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For 1 ≤ c ≤ m, define the centered projection of order c by

Φc(x1, . . . , xc) = E
(
Φ(X1, . . . , Xc, Xc+1, . . . , Xm)

∣∣X1 = x1, . . . , Xc = xc
)
− θ.

Let {X̃1, X̃2, . . . } be an independent copy of {X1, X2, . . . }, defined on the same
probability space. For 1 ≤ c ≤ m, set

δc = Cov
(
Φ(X1, . . . , Xc, Xc+1, . . . , Xm), Φ(X1, . . . , Xc, X̃c+1, . . . , X̃m)

)
. (1.2)

Now, it holds

δc = E
(
Φ(X1, . . . , Xc, Xc+1, . . . , Xm)Φ(X1, . . . , Xc, X̃c+1, . . . , X̃m)

)
−
(
E Φ(X1, . . . , Xm)

)2

= E
(
Φc(X1, . . . , Xc) + θ

)2 − θ2 = Var
(
Φc(X1, . . . , Xc)

)
≥ 0.

The variance of the U-statistic Un is then derived as follows.

Var(Un) =

(
n
m

)−2

∑
1≤i1<···<im≤n

∑
1≤j1<···<jm≤n

Cov
(
Φ(Xi1 , . . . , Xim), Φ(Xj1 , . . . , Xjm)

)

=

(
n
m

)−1 m

∑
c=1

(
m
c

)(
n − m
m − c

)
δc.

Definition 1.4. The kernel associated with the U-statistic Un of degree m is said to be
nondegenerate if δ1 > 0, and degenerate if δ1 = 0. More generally, the kernel is said to
be degenerate of order c − 1 if

δ1 = · · · = δc−1 = 0 and δc > 0,

for some 2 ≤ c ≤ m. The special case c = 2 is referred to as weak degeneracy.

Let Un be a U-statistic whose kernel is degenerate of order c− 1. Then it holds:

Var(Un) =
c!(m

c )
2
δc

nc + O
(

n−c−1
)

, n → ∞. (1.3)

The corresponding projection of the U-statistic Un is defined as

Ûn = θ +

(
m
c

)(
n
c

)−1

∑
1≤i1<···<ic≤n

Φc(Xi1 , . . . , Xic).
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Consequently, Un − Ûn is itself a U-statistic with kernel Φ∗

Un − Ûn =

(
n
m

)−1

∑
1≤i1<···<im≤n

Φ∗(Xi1 , . . . , Xim),

where

Φ∗(x1, . . . , xm) = Φ(x1, . . . , xm)− θ − ∑
1≤i1<···<ic≤m

Φc(xi1 , . . . , xic) (1.4)

By construction, the kernel of the U-statistic Un − Ûn is degenerate of order c, i.e.

δ
(Φ∗)
1 = · · · = δ

(Φ∗)
c = 0.

Here, δ
(Φ∗)
i is defined analogously to δi in (1.2) for i = 1, . . . , c, with the kernel Φ

replaced by Φ∗. Hence, using (1.3), yields

E
(

Un − Ûn

)2
= O

(
n−c−1

)
, n → ∞.

In contrast to U-statistics, V-statistics contain terms corresponding to repeated
indices. More precisely, let

Vn =
1

nm

n

∑
i1=1

· · ·
n

∑
im=1

Φ(Xi1 , . . . , Xim)

be a V-statistic with symmetric kernel Φ such that E(Φ(X1, . . . , Xm)) = θ, and let
Un denote the corresponding U-statistic. Then

Vn =
m!(n

m)

nm Un +
1

nm ∑
(i1,...,im)∈{1,...,n}m

|{i1,...,im}|<m

Φ(Xi1 , . . . , Xim). (1.5)

Assume that the kernel Φ is degenerate of order c − 1. Now, projection of the
V-statistic Vn can be defined as

V̂n = θ +

(
m
c

)
1
nc

n

∑
i1,...,ic=1

Φc(Xi1 , . . . , Xic).

Thus, the projection argument carries over directly to the part formed by mutu-
ally distinct indices. However, one must also account for the additional terms
arising from repeated indices. If these terms are negligible in mean square,
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namely if

E
( 1

nm ∑
(i1,...,im)∈{1,...,n}m

|{i1,...,im}|<m

Φ∗(Xi1 , . . . , Xim)
)2

= O(n−c−1), (1.6)

where Φ∗ is the kernel defined in (1.4), then it follows:

E
(

Vn − V̂n

)2
= O(n−c−1), n → ∞. (1.7)

1.2.1 Asymptotic properties of U- and V- statistics

This section summarizes the main limit results for U- and V-statistics, which will
be used in the asymptotic analysis of the test statistics considered in the disserta-
tion.

Theorem 1.6 (Strong law of large numbers for U-statistics, Hoeffding, 1961). Let
X1, X2, . . . , Xn be i.i.d. random variables and let Un be a U-statistic of degree m with
symmetric kernel Φ. If E (Φ(X1, . . . , Xm)) = θ and E |Φ(X1, . . . , Xm)| < ∞, then

Un − θ
a.s.−−−→

n→∞
0.

The following theorem gives the corresponding limiting result in the non-
degenerate case.

Theorem 1.7 (Hoeffding, 1948). Let X1, X2, . . . , Xn be i.i.d. random variables and let
Un be a U-statistic of degree m with symmetric kernel Φ such that E (Φ(X1, . . . , Xm)) =

θ and E
(
Φ2(X1, . . . , Xm)

)
< ∞. If δ1 > 0, then

√
n
(
Un − θ

) D−−−→
n→∞

N
(

0, m2δ1

)
.

In the weakly degenerate case, the second projection becomes the leading term
in the asymptotic expansion. The corresponding limiting result is stated below.

Theorem 1.8 (Serfling, 1980). Let X1, X2, . . . , Xn be i.i.d. random variables with dis-
tribution F and support S ⊂ Rd. Let Un be a U-statistic of degree m with kernel Φ such
that E (Φ(X1, . . . , Xm)) = θ and E

(
Φ2(X1, . . . , Xm)

)
< ∞. Assume that the kernel

is weakly degenerate, i.e. δ2 > δ1 = 0. Let A : L2(S, F) → L2(S, F) be the integral
operator defined by

Ag(y) =
∫

Φ2(x, y)g(x) dF(x), (1.8)
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and let {λk}k≥1 be its nonzero eigenvalues. Then

n(Un − θ)
D−−−→

n→∞

(
m
2

) ∞

∑
k=1

λk(Z2
k − 1),

where {Zk}k≥1 are i.i.d. standard normal random variables.

In the preceding theorem, L2(S, F) denotes the space of all real-valued mea-
surable functions on S that are square-integrable with respect to F, that is,

L2(S) =

 f : S → R

∣∣∣∣ ∫
S

| f (x)|2 dF(x) < ∞

 .

In the case of V-statistics, the presence of terms with repeated indices requires ad-
ditional care. The decomposition in (1.5) separates the off-diagonal part of the V-
statistic from the terms involving repeated indices. This reduction allows the fol-
lowing result to be derived from the strong law of large numbers for U-statistics
stated in Theorem 1.6. A proof along these lines can be found, for example, in
Korolyuk and Borovskikh, 1994.

Theorem 1.9 (Strong law of large numbers for V-statistics). Let X1, X2, . . . , Xn be
i.i.d. random variables and let Vn be a V-statistic of degree m with symmetric kernel Φ.
Assume that EΦ(X1, . . . , Xm) = θ and E

∣∣Φ(Xi1 , . . . , Xim)
∣∣ < ∞ for 1 ≤ i1, . . . , im ≤

m. Then
Vn

a.s.−−−→
n→∞

θ.

The following lemma gives a comparison result for the U- and V-statistics as-
sociated with the same kernel. It shows that, under suitable moment conditions,
their difference is asymptotically negligible.

Lemma 1.2 (Serfling, 1980). Let X1, X2, . . . , Xn be i.i.d. random variables and let Un

and Vn be a U- and V-statistic of degree m with symmetric kernel Φ, respectively. Let r
be a positive integer. Suppose that

E
∣∣Φ (Xi1 , . . . , Xim

)∣∣r < ∞

for all choices 1 ≤ i1, . . . , im ≤ m. Then

E |Un − Vn|r = O
(
n−r) , n → ∞.

The following theorem follows by combining the preceding lemma, applied
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with r = 2, with the relation (1.5) and the asymptotic result for nondegenerate
U-statistics presented in Theorem 1.7.

Theorem 1.10. Let X1, . . . , Xn be i.i.d. random variables and let Vn be a V-
statistic of degree m with symmetric kernel Φ such that E (Φ(X1, . . . , Xm)) = θ and
E
(
Φ2(Xi1 , . . . , Xim)

)
< ∞, for all 1 ≤ i1, . . . , im ≤ n. If δ1 > 0, then

√
n(Vn − θ)

D−−−→
n→∞

N
(
0, m2δ1

)
.

For the weakly degenerate case, consider the V-statistic Vn

Vn(Φ) =
1

nm

n

∑
i1,...,im=1

Φ(Xi1 , . . . , Xim),

where Φ is a symmetric kernel of degree m such that EΦ(X1, . . . , Xm) = θ and
assume 0 = δ1 < δ2. Using the decomposition (1.5), the V-statistic can be written
as

Vn(Φ)− θ =
m!(n

m)

nm Un(Φ)− θ + Dn + Rn,

where Un(Φ) is the associated U-statistics with kernel Φ,

Dn =
(m

2 )

nm

n

∑
i1,...,im−1=1

i1,...,im−1 distinct

Φ(Xi1 , Xi1 , Xi2 , . . . , Xim−1)

is the contribution of the terms with exactly one pair of equal indices, while Rn

contains all remaining terms. By the symmetry of Φ, all terms with exactly one
repeated pair have the same limiting contribution. Assume, in addition, that

E
∣∣Φ(Xi1 , Xi2 , . . . , Xim)

∣∣ < ∞ for all 1 ≤ i1, . . . , im ≤ m. (1.9)

Then, by the strong law of large numbers for U-statistics (Theorem 1.6), it follows
that

nDn
a.s.−−−→

n→∞

(
m
2

)
EΦ(X1, X1, X2, . . . , Xm−1). (1.10)

The terms contained in Rn involve at most m − 2 distinct indices and therefore,
under the imposed moment assumption (1.9),

nRn = oP(1). (1.11)
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By the definition of the centered second projection,

Φ2(x, y) = E [Φ(x, y, X3, . . . , Xm)]− θ.

Hence,
EΦ2(X1, X1) = EΦ(X1, X1, X2, . . . , Xm−1)− θ.

Since Φ is weakly degenerate, limit theorem for degenerate U-statistics (Theorem
1.8) yields

n(Un(Φ)− θ)
D−−−→

n→∞

(
m
2

) ∞

∑
k=1

υk(Z2
k − 1), (1.12)

where (Zk)k≥1 are independent standard normal random variables and (υk)k≥1

are the eigenvalues of the integral operator generated by Φ2. The relations (1.12),
(1.10), and (1.11), together with Slutsky’s theorem (Theorem 1.3) and the contin-
uous mapping theorem (Theorem 1.2), imply the following result. The proof for
the case m = 2 can be found, for example, in Serfling, 1980, Section 6.4.

Theorem 1.11. Let X1, . . . , Xn be i.i.d. random variables with distribution F and sup-
port S ⊂ Rd. Let Vn be a V-statistic of degree m with symmetric kernel Φ such
that E (Φ(X1, . . . , Xm)) = 0, E

(
Φ2(X1, . . . , Xm)

)
< ∞ and E|Φ(Xi1 , . . . , Xim)| <

∞ for all 1 ≤ i1, . . . , im ≤ m. If δ2 > δ1 = 0, then

nVn
D−−−→

n→∞

(
m
2

)[ ∞

∑
k=1

υk(Z2
k − 1) + EΦ2(X, X)

]
,

where Z1, Z2, . . . are independent standard normal random variables, and υ1, υ2, . . . are
the eigenvalues of the integral operator A defined in (1.8).

Remark 1.1. In particular, assume that the integral operator A is positive semidefinite,
trace class and that the trace formula

tr(A) =
∫

S
Φ2(x, x) dF(x) (1.13)

holds. Then the limiting distribution takes the form

n(Vn − θ)
D−−−→

n→∞

(
m
2

) ∞

∑
k=1

υkZ2
k .
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Consequently, the variance of the limiting distribution of n(Vn − θ) is given by

2
(

m
2

)2 ∞

∑
k=1

υ2
k = 2

(
m
2

)2 ∫∫
S×S

Φ2
2(x, y) dF(x)dF(y). (1.14)

1.2.2 Asymptotic properties of a linear combination of two de-

generate V-statistics

This subsection provides novel theoretical results for the distribution of finite
linear combinations of certain weakly degenerate V-statistics, addressing both
cases with known parameters and cases in which parameters are estimated from
the data.

The asymptotic properties of linear combinations of degenerate (including
weakly degenerate) U-statistics with specific weighting schemes have been stud-
ied in Yamato et al., 2005. In contrast, the present analysis is concerned with
two related cases. The first involves linear combinations of weakly degenerate
V-statistics with arbitrary kernels, while the second concerns V-statistics with es-
timated parameters, under additional regularity conditions on the kernels that
are commonly satisfied in practice (see, e.g., Meintanis, 2004; Meintanis et al.,
2007; Meintanis et al., 2015; Ejsmont et al., 2023; Ndwandwe et al., 2023; Meinta-
nis et al., 2024a; Meintanis et al., 2024b).

Let X1, . . . , Xn be an i.i.d. sample from a distribution function F with support
S ⊂ Rd. Consider a V-statistic Vn(λ) whose kernel depends on an unknown
parameter λ = (λ1, . . . , λr) ∈ Λ ⊂ Rr. If λ is replaced by a consistent estimator
λ̂n, the statistic Vn(λ̂n) is referred to as a V-statistic with estimated parameters.

Assume that Vn(λ) and Wn(λ) are zero-mean weakly degenerate V-statistics,
with the following representation:

Vn(λ) =
1

nm1

n

∑
i1=1

· · ·
n

∑
im1=1

Φ(Xi1 , . . . , Xim1
; λ),

Wn(λ) =
1

nm2

n

∑
i1=1

· · ·
n

∑
im2=1

Ψ(Xi1 , . . . , Xim2
; λ),

(1.15)

where λ = (λ1, . . . , λr) is an unknown r-dimensional parameter. Here, Φ(·; λ)

and Ψ(·; λ) represent the corresponding symmetric weakly degenerate kernels
with zero expectation. The following theorem presents the limiting distribution
of linear combinations of Vn(λ̂n) and Wn(λ̂n), where λ̂n is a consistent estimator
of the true parameter λ.
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Theorem 1.12. Let Vn(λ) and Wn(λ) be weakly degenerate V-statistics for every
λ ∈ Λ ⊂ Rr, with symmetric zero-mean kernels Φ(·; λ) and Ψ(·; λ) of degrees
m1 ≤ m2, respectively, defined on the same i.i.d. sample X1, . . . , Xn. Let Vn(λ̂n) and
Wn(λ̂n) denote the corresponding V-statistics obtained by replacing λ with its estimator
λ̂n. Furthermore, assume that

EΦ2(X1, . . . , Xm1 ; λ) < ∞, EΨ2(X1, . . . , Xm2 ; λ) < ∞,

for all λ ∈ Λ. For p = (p1, p2), where p1, p2 ≥ 0 and p1 + p2 > 0, define

Ln(λ) = p1Vn(λ) + p2Wn(λ).

Suppose that the following conditions hold:

(i)
√

n(λ̂n −λ0) =
1√
n

n
∑

i=1
α(Xi)+ oP(1) for some λ0 = (λ0,1, . . . , λ0,r) ∈ Λ, where

α(x) = (α1(x), . . . , αr(x)) has zero mean with a finite second moment;

(ii) the functions Φ(·; t) and Ψ(·; t) are three times continuously differentiable with
respect to t on Γ, and there exist positive random variables Y(d)

Φ and Y(d)
Ψ , for d =

1, 2, 3, such that

(a)

sup
γ∈Γ

r

∑
i=1

∣∣∣∣∂Φ
∂ti

∣∣∣
t=γ

∣∣∣∣ < Y(1)
Φ and sup

γ∈Γ

r

∑
i=1

∣∣∣∣∂Ψ
∂ti

∣∣∣
t=γ

∣∣∣∣ < Y(1)
Ψ ;

(b)

sup
γ∈Γ

r

∑
i,j=1

∣∣∣∣∣ ∂2Φ
∂ti∂tj

∣∣∣
t=γ

∣∣∣∣∣ < Y(2)
Φ and sup

γ∈Γ

r

∑
i,j=1

∣∣∣∣∣ ∂2Ψ
∂ti∂tj

∣∣∣
t=γ

∣∣∣∣∣ < Y(2)
Ψ ;

(c)

sup
γ∈Γ

r

∑
i,j,k=1

∣∣∣∣∣ ∂3Φ
∂ti∂tj∂tk

∣∣∣
t=γ

∣∣∣∣∣ ≤ Y(3)
Φ and sup

γ∈Γ

r

∑
i,j,k=1

∣∣∣∣∣ ∂3Ψ
∂ti∂tj∂tk

∣∣∣
t=γ

∣∣∣∣∣ ≤ Y(3)
Ψ ,

where E(Y(d)
Φ ) < ∞ and E(Y(d)

Ψ ) < ∞ for d = 1, 2, 3.
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If, in addition, the operator A∗ generated by

ξ∗2(x, y; λ0, p) = p1
m1(m1 − 1)
m2(m2 − 1)

ϕ2(x, y; λ0) + p2ψ2(x, y; λ0)

+
1

m2(m2 − 1)

r

∑
j1,j2=1

αj1(x)αj2(y)

(
p1E

[
∂2Φ

∂λj1∂λj2

]
+ p2E

[
∂2Ψ

∂λj1∂λj2

])
,

(1.16)

where x, y ∈ S, is positive semidefinite, trace class and the diagonal trace formula

tr(A∗) =
∫

S
ξ∗2(x, x; λ0, p) dF(x)

holds, then all corresponding eigenvalues νj, j ≥ 1, are nonnegative, and

nLn(λ̂n)
D−−−→

n→∞

(
m2

2

) ∞

∑
j=1

νjZ2
j ,

where Z1, Z2, . . . are independent standard normal random variables.

Proof. Using a Taylor expansion of Ln(λ̂n) around the true parameter value λ0

yields

nLn(λ̂n) = nLn(λ0) + n
r

∑
j=1

∂Ln(λ0)

∂λj
(λ̂n,j − λ0,j)

+
n
2

r

∑
j1,j2=1

∂2Ln(λ0)

∂λj1∂λj2
(λ̂n,j1 − λ0,j1)(λ̂n,j2 − λ0,j2) + nRn,

(1.17)

where Rn is the Taylor remainder.
The statistic Vn(λ), which is originally of degree m1, can be written in an

equivalent form as a V-statistic of degree m2. Hence, the linear combination Ln(λ)

can also be treated as a V-statistic of degree m2. Since its kernel is degenerate for
λ in a neighbourhood Γ of λ0, differentiation of the degeneracy condition with
respect to λj shows that the kernel corresponding to ∂Ln(λ0)/∂λj is also degen-
erate. The interchange of differentiation and expectation is justified by condition
(ii)(a). Therefore,

∂Ln(λ0)

∂λj
= OP(n−1), j = 1, . . . , r.

In addition, using condition (i),

λ̂n,j − λ0,j = OP(1/
√

n), j = 1, ..., r,
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hence the second term on the right-hand side of (1.17) is oP(1). Condition (ii)(c)
further implies that nRn = oP(1).

Under condition (ii)(b), the law of large numbers for V-statistics implies that
∂2Ln(λ0)/(∂λj1∂λj2) converges to its expectation. By combining the preceding
relation with the condition (i), it follows that

nLn(λ̂n) = nL∗
n(λ0) + oP(1)

where

L∗
n(λ0) = Ln(λ0) +

1
2

r

∑
j1,j2=1

(
p1E

[ ∂2Φ
∂λj1∂λj2

]
+ p2E

[ ∂2Ψ
∂λj1∂λj2

]) 1
n2

n

∑
i1,i2=1

αj1(Xi1)αj2(Xi2)

= Ln(λ0) +
1

2n2

n

∑
i1,i2=1

r

∑
j1,j2=1

αj1(Xi1)αj2(Xi2)
(

p1E
[ ∂2Φ

∂λj1∂λj2

]
+ p2E

[ ∂2Ψ
∂λj1∂λj2

])
Notice that nL∗

n(λ0) can be expressed as a V-statistic of degree m2 with an
appropriately symmetrized kernel whose first projection is equal to zero, while
the second projection is given in (1.16).

Remark 1.2. It is clear that the generalization of Theorem 1.12 to the case of a finite
linear combination of weakly degenerate V-statistics is straightforward.

Corollary 1.1. Let Vn and Wn be two weakly degenerate V-statistics with symmetric
zero-mean kernels Φ and Ψ of degrees m1 ≤ m2, respectively, defined on the same sample
X1, . . . , Xn. Assume also that EΦ2(X1, X2, ..., Xm1) < ∞ and EΨ2(X1, X2, ..., Xm2) <

∞. For p = (p1, p2), with p1, p2 ≥ 0 and p1 + p2 > 0, set

Ln = p1Vn + p2Wn.

If the operator A generated by

ξ2(x, y; p) = p1
m1(m1 − 1)
m2(m2 − 1)

ϕ2(x, y) + p2ψ2(x, y), x, y ∈ S

is positive semidefinite, trace class and the diagonal trace formula

tr(A) =
∫

S
ξ2(x, x; p) dF(x)
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holds, then the corresponding eigenvalues νj, j ≥ 1, are nonnegative and

nLn
D−−−→

n→∞

(
m2

2

) ∞

∑
j=1

νjZ2
j .

Corollary 1.2. Let Vn and Wn(λ), λ ∈ Λ ⊂ Rr, be weakly degenerate V-statistics
defined on the same i.i.d. sample X1, . . . , Xn, with symmetric zero-mean kernels Φ and
Ψ(·; λ) of degrees m1 ≤ m2, respectively. Let Wn(λ̂n) denote the V-statistic correspond-
ing to Wn(λ), obtained by replacing λ with its estimator λ̂n. Assume also that

EΦ2(X1, . . . , Xm1) < ∞, EΨ2(X1, . . . , Xm2 ; λ) < ∞,

for all λ ∈ Λ ⊂ Rr. Then, for p = (p1, p2) such that p1, p2 ≥ 0 and p1 + p2 > 0 set
Ln(λ) = p1Vn + p2Wn(λ). Assume that the following conditions hold:

(i)
√

n(λ̂n − λ0) = 1√
n ∑n

i=1 α(Xi) + oP(1), for some λ0 = (λ0,1, . . . , λ0,r) ∈ Λ,
where α(x) = (α1(x), . . . , αr(x)) has zero mean with a finite second moment;

(ii) the function Ψ(·; t) is three times continuously differentiable with respect to t on
Γ, and, for each d = 1, 2, 3, there exists a positive random variable Y(d) such that
EY(d) < ∞ and

(a)

sup
γ∈Γ

r

∑
i=1

∣∣∣∣∂Ψ
∂ti

∣∣∣
t=γ

∣∣∣∣ < Y(1),

(b)

sup
γ∈Γ

r

∑
i,j=1

∣∣∣∣∣ ∂2Ψ
∂ti∂tj

∣∣∣
t=γ

∣∣∣∣∣ < Y(2),

(c)

sup
γ∈Γ

r

∑
i,j,k=1

∣∣∣∣∣ ∂3Ψ
∂ti∂tj∂tk

∣∣∣
t=γ

∣∣∣∣∣ ≤ Y(3).

If, in addition, the operator A∗ generated by

ξ∗2(x, y; λ0, p) = p1
m1(m1 − 1)
m2(m2 − 1)

ϕ2(x, y) + p2ψ2(x, y; λ0)

+
1

m2(m2 − 1)

r

∑
j1,j2=1

αj1(x)αj2(y)p2E

[
∂2Ψ

∂λj1∂λj2

]
, x, y ∈ S.

(1.18)
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is positive semidefinite and trace class, and the diagonal trace formula

tr(A∗) =
∫

S
ξ∗2(x, x; λ0, p) dF(x)

holds, then the corresponding eigenvalues νj, j ≥ 1, are nonnegative and

nLn(λ̂n)
D−−−→

n→∞

(
m2

2

) ∞

∑
j=1

νjZ2
j .

1.3 U-processes

The theory introduced in the preceding section concerns U-statistics generated
by a single symmetric kernel. In some applications, however, a family of kernels
indexed by a class of sets must be considered, giving rise to a corresponding col-
lection of U-statistics. After centering and normalization, the resulting stochastic
process is referred to as a U-process. Only the particular form needed later in the
dissertation is presented in this section; see Schneemeier, 1989 for a more general
treatment.

Let X1, X2, . . . be i.i.d. random variables with common distribution F and sup-
port S ⊆ Rd. Fix integers m, r ≥ 1, and let

ψk : Sm −→ R, k = 1, . . . , r,

be measurable functions. For t1, . . . , tr ∈ R, define

Ct1,...,tr = {(x1, . . . , xm) ∈ Sm : ψ1(x1, . . . , xm) ≤ t1, . . . , ψr(x1, . . . , xm) ≤ tr} ,

and consider the indexing class

C = {Ct1,...,tr : (t1, . . . , tr) ∈ Rr} .

For every C ∈ C, let H(C) = P
{
(X1, . . . , Xm) ∈ C

}
. The empirical counterpart

of H(C), for n ≥ m, is defined by

Hn(C) =
1

n(n − 1) · · · (n − m + 1) ∑
1≤i1,...,im≤n

ij ̸=ik, 1≤j<k≤m

1
{
(Xi1 , . . . , Xim) ∈ C

}
, C ∈ C.

The functions ψ1, . . . , ψr and consequently the sets in C need not be symmet-
ric with respect to their arguments. Nevertheless, Hn(C) can be represented as a
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U-statistic with a symmetric kernel. Indeed, let Πm denote the set of all permuta-
tions of {1, . . . , m} and, for C ∈ C, define

hC(x1, . . . , xm) =
1

m! ∑
π∈Πm

1
{
(xπ(1), . . . , xπ(m)) ∈ C

}
.

Then hC is symmetric and

Hn(C) =
(

n
m

)−1

∑
1≤i1<···<im≤n

hC(Xi1 , . . . , Xim).

Since X1, . . . , Xm are i.i.d., their joint distribution is invariant under permuta-
tions. Therefore,

E
(
hC(X1, . . . , Xm)

)
= H(C),

and consequently Hn(C) is an unbiased estimator of H(C).

Definition 1.5. For each n ≥ m, the stochastic process

Un =
{

Un(C) : C ∈ C
}

,

defined by
Un(C) =

√
n
{

Hn(C)− H(C)
}

, C ∈ C,

is called the U-process indexed by C.

The supremum norm of Un is defined by

∥Un∥C = sup
C∈C

|Un(C)| .

For C = Ct1,...,tr , it is convenient to write

H(t1, . . . , tr) = H(Ct1,...,tr)

and
Hn(t1, . . . , tr) = Hn(Ct1,...,tr).

More explicitly,

H(t1, . . . , tr) = P {ψ1(X1, . . . , Xm) ≤ t1, . . . ψr(X1, . . . , Xm) ≤ tr} ,
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whereas

Hn(t1, . . . , tr) =
1

n(n − 1) · · · (n − m + 1) ∑
1≤i1,...,im≤n

ij ̸=il , 1≤j<l≤m

r

∏
k=1

1
{

ψk(Xi1 , . . . , Xim) ≤ tk
}

.

Thus, H is the joint distribution function of the random variables
ψ1(X1, . . . , Xm), . . . , ψr(X1, . . . , Xm), while Hn is its joint U-empirical coun-
terpart. Correspondingly, the U-process indexed by (t1, . . . , tr) ∈ Rr can be
written as

Un(t1, . . . , tr) =
√

n
{

Hn(t1, . . . , tr)− H(t1, . . . , tr)
}

.

Example 6. In the special case d = m = r = 1 and ψ1(x) = x, the class C reduces to

C =
{
(−∞, t] ∩ S : t ∈ R

}
.

Moreover,

H(t) = P{X1 ≤ t} = F(t) and Hn(t) =
1
n

n

∑
i=1

1{Xi ≤ t} = Fn(t),

so that
Un(t) =

√
n{Fn(t)− F(t)}.

Hence, the ordinary empirical process is a special case of a U-process.

The following result gives the almost sure bound for the supremum norm. An
application of Theorem 3.7 of Schneemeier, 1989 requires the indexing class to be
a Vapnik-Chervonenkis class of sets. The indexing class C satisfies this condition,
since the class of lower orthants in Rr is a Vapnik-Chervonenkis class and C is its
inverse-image class under the fixed mapping

Ψ = (ψ1, . . . , ψr) : Sm −→ Rr.

Therefore, Theorem 3.7 of Schneemeier, 1989 yields the following result.

Theorem 1.13. Let (an)n∈N ⊂ (1, ∞) be a sequence such that

∞

∑
n=1

a−ε
n < ∞ for every ε > 0.

Then
(log an)

−1/2∥Un∥C
a.s.−−−→

n→∞
0.
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Taking an = en in this theorem, it follows that

1√
n
∥Un∥C

a.s.−−−→
n→∞

0.

By the definitions of Un and C, this is equivalent to

sup
(t1,...,tr)∈Rr

|Hn(t1, . . . , tr)− H(t1, . . . , tr)|
a.s.−−−→

n→∞
0.

For m = r = 2, this establishes the uniform convergence result used in Section 3.1.

1.4 Characterizations of probability distributions

As already mentioned, characterization theorems play an important role in the
study of probability distributions and stochastic structures, since they provide
necessary and sufficient conditions under which such objects are uniquely deter-
mined. They make it possible to study distributions through structural, func-
tional, or probabilistic properties rather than only through explicit analytical
forms.

On the other hand, characterizations also provide a natural basis for
gof testing and model validation. Depending on the underlying property,
characterization-based tests may rely on independence relations, equality in dis-
tribution, regression-type identities, properties of order statistics or records, mo-
ment and reliability properties, or functional identities involving characteris-
tic functions, Laplace transforms, probability generating functions, and related
transforms. In this dissertation, particular emphasis is placed on independence-
type characterizations, whose general form is presented below.

Let X1, . . . , Xmax(n,m) be i.i.d. random variables with distribution function F,
and let ψ1 : Rn → R and ψ2 : Rm → R be two measurable sample functionals.
Then the following equivalence holds:

ψ1(X1, . . . , Xn) and ψ2(X1, . . . , Xm) are independent

iff the distribution function F belongs to a specified family F .
In the sequel, several independence-type characterizations are presented,

which will be used in the construction of the gof tests later in the dissertation.

Example 7 (Ferguson, 1967). Let X and Y be independent, discrete, non-degenerate
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random variables. Then

U = min(X, Y) and W = |X − Y|

are independent iff the distributions of X and Y may, by a simultaneous change of location
and scale, be put into one of the following four forms.

(i) For some 0 < r1 < 1 and 0 < r2 < 1,

P{X = k} = (1 − r1)rk
1, k = 0, 1, . . . ,

and
P{Y = k} = (1 − r2)rk

2, k = 0, 1, . . . .

(ii) For some integer n ≥ 1, 0 < r < 1, and −1 ≤ θ ≤ 1,

P{X = k} =
(1 − r)rk

1 + θrn

1, k = 0, 1, . . . , n − 1,

1 + θ, k = n, n + 1, . . . ,

and

P{Y = k} =
(1 − r)rk

1 − θrn

1, k = 0, 1, . . . , n − 1,

1 − θ, k = n, n + 1, . . . .

(iii) For some 0 < r < 1 and 0 < θ < ∞, either

P{X = k} =
(1 − r)rk

1 + θr2

1, k = 0, 1,

1 + θ, k = 2, 3, . . . ,

and

P{Y = k} =

(1 + θr)−1, k = 0,

1 − (1 + θr)−1, k = 1,

or the same with X and Y interchanged.

(iv) For some 0 < r < 1 and 0 < θ ≤ ∞,

P{X = k} = (1 − r2)rk

(1 + θr)−1, k = 0, 2, 4, . . . ,

θ(1 + θr)−1, k = 1, 3, 5, . . . ,
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and

P{Y = k} = (1 − r2)rk

rθ(θ + r)−1, k = 0, 2, 4, . . . ,

(θ + r)−1, k = 1, 3, 5, . . . .

Here, a simultaneous change of location and scale for the pair (X, Y) corresponds to the
transformation

(X, Y) 7→ (a + bX, a + bY),

for real a and b > 0.

Example 8 (Lukacs, 1955). Let X and Y be i.i.d. random variables with strictly positive,
absolutely continuous distribution F. Then, ψ1(X, Y) = X

X+Y and ψ2(X, Y) = X + Y
are independent iff F belongs to the family of gamma Γ(α, β) distributions with density

f (x; α, β) =
1

Γ(α)
xα−1e−βxβα, x > 0, α > 0, β > 0.

Example 9 (Khatri, 1962). Let the X and Y be i.i.d. random variables with distribution
function F and such that E(X), E(X2), E( 1

X ) and E( 1
X+Y ) are non-null and finite. Then

ψ1(X, Y) = X + Y and ψ2(X, Y) = 1/X + 1/Y − 4/(X + Y) are independent iff F
belongs to te family of inverse Gaussian IG(µ, λ) distributions with density

f (x; µ, λ) =

√
λ

2π
x−3/2 exp

(
−λ(x − µ)2

2µ2x

)
, x > 0, µ > 0, λ > 0.

Example 10 (Arnold, 1979). Let X, Y be i.i.d. random variables with a continuous
distribution. Then ψ1(X, Y) = X and ψ2(X, Y) = X+Y

1−XY are independent iff X has the
standard Cauchy C(0, 1) distribution with density

f (x) =
1

π(1 + x2)
, x ∈ R.
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Chapter 2

Goodness-of-fit tests for the geomet-
ric distribution based on Ferguson’s
characterization

Classical edf-based tests constitute a standard approach to goodness-of-fit test-
ing. Although these tests can be applied to count data, their null distributions
generally depend on the particular discrete model under consideration. This has
motivated the development of alternative procedures, including tests based on
the difference between the empirical pgf and the theoretical one (see, e.g., Rueda
and O’Reilly 1999), as well as tests constructed from the empirical counterpart of
the differential equation satisfied by the pgf (see, e.g., Batsidis et al. 2020, Miloše-
vić et al. 2021). Alongside these approaches, tests based on characteristic func-
tions have also been proposed (see, e.g., Jiménez-Gamero et al. 2009).

The present chapter is devoted to the construction of gof tests for the geomet-
ric distribution based on an independence-type characterization. In the context
of count data, tests relying on characterizations of this kind are still rather lim-
ited; to the best of our knowledge, the test proposed in Jiménez-Gamero and
Alba-Fernández, 2021 is the only closely related contribution. This motivates the
investigation of independence-type characterizations as a tool for developing gof
procedures for discrete distributions.

2.1 Proposed test statistics

For p ∈ (0, 1), let G(p) denote the geometric distribution with support N =

{1, 2, . . .} and pmf

P{X = k} = (1 − p)k−1p, k ∈ N, (2.1)
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where p is the probability of success. Let X be a random variable taking values
in N = {1, 2, . . .}, with unknown distribution, and let X1, . . . , Xn denote i.i.d. ob-
servations from the distribution of X. Based on these observations, the objective
is to construct novel gof tests for the composite null hypothesis

H0 : X ∼ G(p), for some p ∈ (0, 1),

versus the alternative:

H1 : X ̸∼ G(p), for all p ∈ (0, 1).

The tests are constructed based on the Ferguson characterization given in Exam-
ple 7. Under the additional assumption that X and Y are identically distributed,
this characterization reduces to the form stated below.

Characterization 2.1. Let X and Y be nondegenerate, discrete i.i.d. random variables.
Then min{X, Y} and |X − Y| are independent iff X and Y have geometric distribution
up to a simultaneous location and scale transformation.

Remark 2.1. In Ferguson, 1967, the geometric distribution is introduced in a more gen-
eral form, with location and scale parameters α and β > 0. More precisely, a random
variable X is said to have a geometric distribution if its pmf is of the form

P{X = k} = (1 − p)p
k−α

β , k ∈ {α, α + β, α + 2β, . . . }.

Thus, the support of X is not necessarily {1, 2, . . . }, but may be shifted and rescaled.
If X has such a distribution, then there exist real constants a and b > 0 such that

the transformed variable a + bX has the probability law given in (2.1). Consequently, a
simultaneous change of location and scale for the pair (X, Y) corresponds to the transfor-
mation

(X, Y) 7→ (a + bX, a + bY).

In other words, there exist real constants a and b > 0 such that both a + bX and a + bY
follow the distribution in (2.1). In particular, when the support of X and Y is {1, 2, . . . },
no such transformation is needed, and the independence of min(X, Y) and |X −Y| char-
acterizes the probability law in (2.1) uniquely.

Suppose that X and Y are nondegenerate discrete i.i.d. random variables sup-
ported on {1, 2, . . .}. Motivated by the above characterization, consider the joint
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pgf of the random vector
(

min{X, Y}, |X − Y|
)
, defined by

g(t, s) = E
(

tmin{X,Y}s|X−Y|
)

, (t, s) ∈ [0, 1]2.

The condition
g(t, s) = g(t, 1)g(1, s), for all (t, s) ∈ [0, 1]2,

holds iff X and Y have the geometric distribution given by (2.1) for some p. Al-
though pgf depends on the parameter p under the geometric distribution, this
dependence is suppressed in the notation for simplicity. Let X1, X2, ..., Xn be an
i.i.d. sample with the same common distribution as X and Y. Then

gn(t, s) =
1
n2

n

∑
i,j=1

tmin{Xi,Xj}s|Xi−Xj|

is the joint V-empirical pgf of the random vector (min{X, Y}, |X −Y|). Therefore,
it is meaningful to consider

Dn(t, s) = gn(t, s)− gn(t, 1)gn(1, s)

as the primary component for the construction of a gof test, since under H0,
Dn(t, s) is expected to be small. Values significantly different from zero may in-
dicate a departure from the geometric distribution.

Before proceeding with the proposal, let L2([0, 1]2) denote the separable
Hilbert space of measurable functions f : [0, 1]2 → R satisfying

1∫
0

1∫
0

f 2(t, s)dtds < ∞.

The inner product and the norm on this space are defined, respectively, by

⟨ f , g⟩L2 =
1∫

0

1∫
0

f (t, s)g(t, s)dtds and ∥ f ∥L2 =
√
⟨ f , f ⟩L2 . At this point, two novel

test statistics can be introduced:

In = ⟨Dn, 1⟩L2 =

1∫
0

1∫
0

Dn(t, s)dtds, (2.2)
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and

Tn = ||Dn||2L2 =

1∫
0

1∫
0

D2
n(t, s)dtds. (2.3)

After integration, the resulting expressions for In and Tn are as follows:

In =
1
n2

n

∑
i,j=1

1
min(Xi, Xj) + 1

1
|Xi − Xj|+ 1

− 1
n4

n

∑
i,j=1

1
min(Xi, Xj) + 1

n

∑
i,j=1

1
|Xi − Xj|+ 1

,

Tn =
1
n4

n

∑
i,j,k,l=1

1
min(Xi, Xj) + min(Xk, Xl) + 1

1
|Xi − Xj|+ |Xk − Xl|+ 1

− 2
n6

n

∑
i,j,k,l,r,s=1

1
min(Xi, Xj) + min(Xk, Xl) + 1

1
|Xi − Xj|+ |Xr − Xs|+ 1

+
1
n8

n

∑
i,j,k,l=1

1
min(Xi, Xj) + min(Xk, Xl) + 1

n

∑
i,j,k,l=1

1
|Xi − Xj|+ |Xk − Xl|+ 1

.

If the null hypothesis is true, then the values of these test statistics should be
close to zero. The statistic In provides a computationally less demanding option.
Since it can take both positive and negative values, evidence against the null hy-
pothesis is associated with large absolute values of In. In is not a true distance,
since it may remain small even when Dn(t, s) deviates substantially from zero.
However, such behavior is rarely observed in practice (see, e.g., Cuparić et al.
2019). This may be explained by the fact that, under the alternatives considered,
the integrand tends to have a predominantly positive or predominantly negative
sign. In contrast, Tn is based on a squared discrepancy, so large values of Tn

indicate evidence against the null hypothesis.
The following section is devoted to the asymptotic analysis of the proposed

test statistics. The almost sure limiting behavior is first established. Subsequently,
auxiliary lemmas are presented and used to derive the corresponding weak con-
vergence results.

2.2 Asymptotic properties

The aim of this section is to derive the stochastic limits of the proposed test statis-
tics and establish their limiting distributions under the null hypothesis.
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Theorem 2.1 (Halaj and Milošević, 2025). Suppose that X1, ..., Xn are i.i.d. random
variables with the same distribution as a random variable X taking values in N. Then

In
a.s.−−−→

n→∞
I =

1∫
0

1∫
0

(
g(t, s)− g(t, 1)g(1, s)

)
dtds,

and

Tn
a.s.−−−→

n→∞
T =

1∫
0

1∫
0

(
g(t, s)− g(t, 1)g(1, s)

)2dtds,

where g(t, s), g(t, 1) and g(1, s) are the joint and marginal pgfs of the random vector
(min{X1, X2}, |X1 − X2|), respectively.

Proof. From Proposition 1 in Novoa-Muñoz and Jiménez-Gamero, 2014, it follows
that

sup
(t,s)∈[0,1]2

|gn(t, s)− g(t, s)| a.s.−−−→
n→∞

0.

An analogous convergence result holds for the differences between the marginal
empirical and marginal theoretical pgfs. Therefore, if

D(t, s) = g(t, s)− g(t, 1)g(1, s)

denotes the theoretical quantity and Dn(t, s) stands for its empirical counterpart,
then it follows

|Dn(t, s)− D(t, s)| =|gn(t, s)− gn(t, 1)gn(1, s)− g(t, s) + g(t, 1)g(1, s)|
=|gn(t, s)− g(t, s)− gn(t, 1)(gn(1, s)− g(1, s) + g(1, s))

+g(1, s)(g(t, 1)− gn(t, 1) + gn(t, 1))|
≤|gn(t, s)− g(t, s)|+ |gn(t, 1)(gn(1, s)− g(1, s))|
+|g(1, s)(g(t, 1)− gn(t, 1))|
≤|gn(t, s)− g(t, s)|+ |gn(1, s)− g(1, s)|
+|g(t, 1)− gn(t, 1)|.

So, the following result holds

sup
(t,s)∈[0,1]2

|Dn(t, s)− D(t, s)| a.s.−−−→
n→∞

0.

Since In and Tn are continuous functions of Dn(t, s), their a.s. convergence follows
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directly from the continuous mapping theorem.

Corollary 2.1. Suppose that X ∼ G(p), for some p ∈ (0, 1), and let X1, . . . , Xn be
independent copies of X. Then

In
a.s.−−−→

n→∞
0 and Tn

a.s.−−−→
n→∞

0.

Theorem 2.1 indicates that, since T = 0 iff the integrand is equal to zero, Tn

is consistent against any fixed alternative that shares the same support as (2.1).
Establishing suitable critical regions requires knowledge of the test statistic’s null
distribution or its approximation. As the exact null distributions of Tn and In

are unknown, their asymptotic null distributions are derived in the following.
Several preliminary lemmas are introduced first.

Lemma 2.1 (Halaj and Milošević, 2025). Suppose that X ∼ G(p), for some p ∈ (0, 1),
and let X1, . . . , Xn be independent copies of X. Then, it holds

√
n
(

gn(t, s)− g(t, 1)g(1, s)
)
=

2√
n

n

∑
i=1

(
ξ(Xi; t, s, p)− g(t, 1)g(1, s)

)
+ rn(t, s),

for (t, s) ∈ [0, 1]2, where ξ(x; t, s, p) is defined as

ξ(x; t, s, p) =


ps(t(1−p))x

1−s(1−p) + pt(sx−(t(1−p))x)
s−t(1−p) , s ̸= t(1 − p),

tx(1 − p)x−1p(x − 1)− tx(1−p)x−1 p
(1−p)2t−1 , s = t(1 − p).

(2.4)

and ||rn||L2 = oP(1) as n → ∞.

Proof. Let

gn(t, s) =
1
n2

n

∑
i=1

n

∑
j=1

Φ(Xi, Xj; t, s), (t, s) ∈ [0, 1]2,

where
Φ(Xi, Xj; t, s) = tmin{Xi,Xj}s|Xi−Xj|.

Then gn(t, s) is a V-statistic of degree 2 whose first projection is

ξ(X1; t, s, p) = E
(
Φ(X1, X2; t, s) | X1

)
.

Now,

ξ(x; t, s, p) =
∞

∑
y=1

tmin{x,y}s|x−y|p(1 − p)y−1
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=
x

∑
y=1

tysx−y p(1 − p)y−1 +
∞

∑
y=x+1

txsy−x p(1 − p)y−1.

Therefore, for s ̸= t(1− p), applying the formula for a finite geometric sum to the
first sum and the formula for a convergent infinite geometric series to the second
yields the following

ξ(x; t, s, p) = pt
sx − ((1 − p)t)x

s − (1 − p)t
+

p(1 − p)xtxs
1 − (1 − p)s

.

In the special case s = t(1 − p), the first sum is evaluated directly, which gives

ξ(x; t, s, p) = px(1 − p)x−1tx +
p(1 − p)x+1tx+1

1 − (1 − p)2t
,

thereby obtaining the expression given in (2.4). By the Hoeffding decomposition,
it follows that

√
n
(

gn(t, s)− g(t, 1)g(1, s)
)
=

2√
n

n

∑
i=1

(
ξ(Xi; t, s, p)− g(t, 1)g(1, s)

)
+ rn(t, s).

Here,
rn(t, s) =

√
n (gn(t, s)− ĝn(t, s)) ,

where

ĝn(t, s) = g(t, 1)g(1, s) +
2
n

n

∑
i=1

{ξ(Xi; t, s, p)− g(t, 1)g(1, s)} .

The difference gn(t, s)− ĝn(t, s) is a V-statistic with kernel

Φ∗(x, y; t, s) = Φ(x, y; t, s)− ξ(x; t, s, p)− ξ(y; t, s, p) + g(t, 1)g(1, s).

whose first projection is identically equal to zero. Moreover, all O(·)-terms below
are understood uniformly with respect to (t, s) ∈ [0, 1]2. Condition (1.6) reduces
to

E

(
1
n2

n

∑
i=1

Φ∗(Xi, Xi; t, s)

)2

=O(n−2). (2.5)
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Using the fact that

0 ≤ ξ(x; t, s, p) = E(Φ(x, X2; t, s))

= E(tmin(x,X2)s|x−X2|) ≤
∞

∑
k=1

p(1 − p)k−1 = 1

for all x ∈ N and (t, s) ∈ [0, 1]2, it follows that Φ∗(x, y; t, s) is uniformly bounded
for all x, y ∈ N and (t, s) ∈ [0, 1]2, and the required condition is therefore fulfilled.
Hence, by (1.7),

E (gn(t, s)− ĝn(t, s))2 = O(n−2).

and it follows
Er2

n(t, s) = O(n−1).

Now, by Tonelli’s theorem,

E∥rn∥2
L2 = E

1∫
0

1∫
0

r2
n(t, s) dt ds =

1∫
0

1∫
0

Er2
n(t, s) dt ds.

Using Markov’s inequality, for every ε > 0,

P (∥rn∥L2 > ε) ≤
E∥rn∥2

L2

ε2 → 0, for n → ∞.

Hence, ∥rn∥L2 = oP(1).

Lemma 2.2 (Halaj and Milošević, 2025). Suppose that X ∼ G(p), for some p ∈ (0, 1),
and let X1, . . . , Xn be independent copies of X. Then it holds

√
n (gn(t, s)− gn(t, 1)gn(1, s)) =

2√
n

n

∑
i=1

η(Xi; t, s, p) + ρn(t, s), (t, s) ∈ [0, 1]2

where

η(x; t, s, p) = ξ(x; t, s, p)− g(1, s)ξ(x; t, 1, p)− g(t, 1)ξ(x; 1, s, p) + g(t, 1)g(1, s),

with ξ(x; t, s, p) defined in (2.4) and ||ρn||L2 = oP(1).

Proof. Let

gn(t, s)− gn(t, 1)gn(1, s) = gn(t, s)− g(t, 1)g(1, s) + g(t, 1)g(1, s)

−
(

gn(t, 1)− g(t, 1) + g(t, 1)
)(

gn(1, s)− g(1, s) + g(1, s)
)
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= gn(t, s)− g(t, 1)g(1, s)− g(1, s)
(

gn(t, 1)− g(t, 1)
)

− g(t, 1)
(

gn(1, s)− g(1, s)
)
− ϵn(t, s),

where ϵn(t, s) =
(

gn(t, 1)− g(t, 1)
)(

gn(1, s)− g(1, s)
)
. From the previous lemma

and the central limit theorem in Hilbert spaces, it follows that ||
√

nϵn||L2 =

oP(1). Thus, by applying the previous lemma once again and using the fact that
g(1, 1) = 1, the following is obtained

√
n
(

gn(t, s)− g(t, 1)g(1, s)−g(1, s)(gn(t, 1)−g(t, 1))− g(t, 1)(gn(1, s)− g(1, s))
)

=
2√
n

n

∑
i=1

η(Xi; t, s, p) + ρn(t, s),

with ||ρn||L2 = oP(1). Now, the result follows.

Theorem 2.2 (Halaj and Milošević, 2025). Let X ∼ G(p), for some p ∈ (0, 1), and
let X1, . . . , Xn be independent copies of X. Then

√
nIn

D−−−→
n→∞

1∫
0

1∫
0

Z(t, s) dtds and nTn
D−−−→

n→∞

1∫
0

1∫
0

Z2(t, s)dtds,

where {Z(t, s), (t, s) ∈ [0, 1]2} is a centered Gaussian process in L2([0, 1]2) with co-
variance function

c((t, s), (u, v); p) = 4E
(
η(X; t, s, p)η(X; u, v, p)

)
, t, s, u, v ∈ [0, 1], (2.6)

where

η(x; t, s, p) = ξ(x; t, s, p)− g(1, s)ξ(x; t, 1, p)− g(t, 1)ξ(x; 1, s, p) + g(t, 1)g(1, s),

with ξ(x; t, s, p) defined in (2.4).

Proof. Under the null hypothesis, for each (t, s) ∈ [0, 1]2,

E
(
ξ(X; t, s, p)

)
= g(t, s; p).

As already noted, the dependence of g on the parameter p is suppressed for no-
tational simplicity, so g(t, s) will be used instead of g(t, s; p). Thus,

E
(
η(X; t, s, p)

)
= E

(
ξ(X; t, s, p)

)
− g(1, s)E

(
ξ(X; t, 1, p)

)
− g(t, 1)E

(
ξ(X; 1, s, p)

)
+ g(t, 1)g(1, s)
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= g(t, s)− g(1, s)g(t, 1)− g(t, 1)g(1, s) + g(t, 1)g(1, s)

= g(t, s)− g(t, 1)g(1, s) = 0.

To establish that η(X; t, s, p) has finite variance for every (t, s) ∈ [0, 1]2, it is
enough to show that the functions appearing in its definition are uniformly
bounded.
As shown in the proof of Lemma 2.1

0 ≤ ξ(x; t, s, p) ≤ 1,

for all x ∈ N and t, s ∈ [0, 1].
Together with the bound 0 ≤ g(t, s) ≤ 1 for all (t, s) ∈ [0, 1]2, this yields

|η(x; t, s, p)| ≤ 2, for all x ∈ N and t, s ∈ [0, 1]. (2.7)

Thus
E[η(X; t, s, p)2] < ∞ for all t, s ∈ [0, 1].

Now, the proof follows from the previous lemma, the central limit theorem in
Hilbert spaces and the continuous mapping theorem.

Corollary 2.2. The limiting distribution of
√

nIn is zero-mean normal with variance

σ2(p) = 4E
(

φI(X; p)2) < ∞, (2.8)

where
φI(x; p) =

∫ 1

0

∫ 1

0
η(x; t, s, p) dt ds.

Furthermore, the limiting distribution of nTn admits the representation

∑
k≥1

λkχ2
1,k,

where {χ2
1,k}k≥1 is a sequence of independent chi-square random variables with one de-

gree of freedom, and {λk}k≥1 denotes the sequence of positive eigenvalues of the integral
operator A : L2([0, 1]2) → L2([0, 1]2), defined by

A f (x, y) =
∫ 1

0

∫ 1

0
c((x, y), (u, v); p) f (u, v) du dv.
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2.3 Bootstrap approximation of the null distribution

The results in the previous section show that the limiting null distributions of the
proposed test statistics are not distribution-free. Since the limiting null distribu-
tions depend on the unknown parameter p, a parametric bootstrap procedure is
used to approximate the corresponding critical values and p-values. The proce-
dure is presented in Algorithm 1, while its theoretical justification is provided in
what follows.

Algorithm 1 Parametric bootstrap algorithm

1: Compute the test statistic Sn,obs based on the observed sample.
2: For a sufficiently large integer B, perform the following steps for each b ∈

{1, . . . , B}:
(a) Generate a bootstrap sample X∗

1 , X∗
2 , . . . , X∗

n, where X∗
i ∼ G( p̂n) and p̂n

denotes an estimator of p based on the observed sample;
(b) Calculate the test statistic S∗

n,b based on the bootstrap sample X∗
1 , . . . , X∗

n.
3: Approximate the p-value by calculating:

p̂value =
1
B

B

∑
b=1

I
{
S∗

n,b > Sn,obs
}

,

or, alternatively, approximate the critical value by finding the a-th order statis-
tic of the bootstrap test statistics, denoted by S∗

a:B, where a = ⌊(1 − α)B⌋+ 1.
.

Let X1, . . . , Xn represent the observed sample. Conditionally on this sample,
let X∗

1 , . . . , X∗
n be independent bootstrap observations drawn from the geomet-

ric distribution G( p̂n), where p̂n = p̂n(X1, ..., Xn). Let Sn stand for any of the
proposed test statistics. Define the bootstrap statistic S∗

n in the same way as Sn,
but with the original observations X1, . . . , Xn replaced by their bootstrap coun-
terparts X∗

1 , . . . , X∗
n.

The parametric bootstrap approximates the null distribution of Sn by the con-
ditional distribution of the bootstrap statistic S∗

n , namely P∗(S∗
n ≤ t), where P∗

denotes probability given the observed sample.
The asymptotic results presented in Theorem 1.5 provide the basis for deriv-

ing the limiting behavior of the bootstrap versions of In and Tn. The result is
stated in the following theorem.

Theorem 2.3. Suppose that X1, ..., Xn are i.i.d. random variables with the same distri-
bution as a random variable X taking values in N such that E(X) < ∞. Assume that
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p̂n
a.s.−−−→

n→∞
p0, where p0 is the true parameter value if the null hypothesis is true. Then,

conditionally on the X1, ..., Xn,

√
nI∗n

D−−−→
n→∞

1∫
0

1∫
0

Z(t, s) dtds and nT∗
n

D−−−→
n→∞

1∫
0

1∫
0

Z2(t, s)dtds,

where {Z(t, s), (t, s) ∈ [0, 1]2} is a centered Gaussian process in L2([0, 1]2) with co-
variance function given in (2.6).

Proof. Given the data X1, . . . , Xn, let X∗
1 , . . . , X∗

n be the bootstrap sample, so that,
conditionally on X1, . . . , Xn,

X∗
1 , . . . , X∗

n
i.i.d.∼ G( p̂n).

For x ∈ N and p ∈ (0, 1), define

ηp(x)(t, s) := η(x; t, s, p), (t, s) ∈ [0, 1]2,

where the expression for η(x; t, s, p) is given in the statement of Theorem 2.2. Set

Yni :=
2√
n

ηp̂n(X∗
i ), i = 1, . . . , n.

It follows from (2.7) that, for each i = 1, . . . , n,

∫ 1

0

∫ 1

0
|Yni(t, s)|2 dt ds < ∞ P∗- a.s.

Consequently, conditionally on the data, Yn1, . . . , Ynn are L2([0, 1]2)-valued ran-
dom elements P∗-a.s. Since X∗

1 , . . . , X∗
n are conditionally independent and each

Yni is a measurable function of X∗
i , the random elements Yn1, . . . , Ynn are condi-

tionally independent.
Denote by g(t, s; p) the pgf of the random vector

(
min{X, Y}, |X −Y|

)
, where

X and Y are independent random variables with common geometric distribution
G(p), p ∈ (0, 1).
Conditionally on the data, X∗

i ∼ G( p̂n), i = 1, . . . , n, and therefore

E∗
(
ξ(X∗

i ; t, s, p̂n)
)
= g(t, s; p̂n), (t, s) ∈ [0, 1]2.
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Consequently, the definition of η yields

E∗
(
η(X∗

i ; t, s, p̂n)
)
= 0, (t, s) ∈ [0, 1]2.

Let {ek}k≥1 be an arbitrary orthonormal basis of L2([0, 1]2). By Fubini’s theorem,
for every k ≥ 1 and i = 1, ..., n

E∗
(
⟨Yni, ek⟩

)
=

2√
n

1∫
0

1∫
0

E∗
(
ηp̂n(X∗

i )(t, s)
)
ek(t, s) dt ds = 0.

On the other hand, by (2.7),

E∗∥Yni∥2
L2 < ∞, i = 1, . . . , n.

Let

Sn :=
n

∑
i=1

Yni =
2√
n

n

∑
i=1

ηp̂n(X∗
i ),

and let Γn denote the covariance operator of Sn. The next step is to verify condi-
tions (i)-(iii) of Theorem 1.5.

(i) Fix k, ℓ ≥ 1. Since, conditionally on the data, the random elements Yn1, . . . , Ynn

are independent and centered, the cross terms vanish. Hence

⟨Γnek, eℓ⟩ = E∗
(
⟨Sn, ek⟩⟨Sn, eℓ⟩

)
= 4E∗

(
⟨ηp̂n(X∗

1), ek⟩⟨ηp̂n(X∗
1), eℓ⟩

)
.

Define
hkℓ(x, p) := ⟨ηp(x), ek⟩⟨ηp(x), eℓ⟩, x ∈ N, p ∈ (0, 1).

For fixed x ∈ N and (t, s) ∈ [0, 1]2, the mapping p 7→ η(x; t, s, p) is continuous on
(0, 1). Hence, since p̂n

P-a.s.−−−→
n→∞

p0, the continuous mapping theorem yields

η(x; t, s, p̂n)
P-a.s.−−−→
n→∞

η(x; t, s, p0).

Moreover, for each fixed x ∈ N, using (2.7), the dominated convergence theorem
yields

∥ηp̂n(x)− ηp0(x)∥L2
P-a.s.−−−→
n→∞

0.

Hence, by the continuity of the inner product in L2[0, 1]2,

hkℓ(x, p̂n)
P-a.s.−−−→
n→∞

hkℓ(x, p0).
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Since, conditionally on data, X∗
1 ∼ G( p̂n), it follows that

⟨Γnek, eℓ⟩ = 4
∞

∑
x=1

hkℓ(x, p̂n) p̂n(1 − p̂n)
x−1.

Fix ω such that p̂n(ω) → p0, as n → ∞. Then, for all sufficiently large n,

p̂n(ω) ≥ p0

2
, 1 − p̂n(ω) ≤ 1 − p0

2
=: ρ < 1.

Using the Cauchy-Schwarz inequality together with the relation (2.7) yields

|hkℓ(x, p)| ≤ ∥ηp(x)∥2
L2 ≤ 4, ∀x ∈ N, p ∈ (0, 1).

Consequently, for all sufficiently large n,

∣∣hkℓ(x, p̂n) p̂n(1 − p̂n)
x−1∣∣ ≤ 4 ρx−1, x ∈ N,

and
∞

∑
x=1

4ρx−1 < ∞.

Therefore, by the dominated convergence theorem for series,

⟨Γnek, eℓ⟩
P-a.s.−−−→
n→∞

4
∞

∑
x=1

hkℓ(x, p0)p0(1− p0)
x−1 = 4E

(
⟨ηp0(X), ek⟩⟨ηp0(X), eℓ⟩

)
=: αkℓ,

where X ∼ G(p0).

(ii) By the definition of Γn and the fact that summands below are nonnegative,
Tonelli’s theorem and Parseval’s identity yield

∞

∑
k=1

⟨Γnek, ek⟩ = 4
∞

∑
k=1

E∗
(
⟨ηp̂n(X∗

1), ek⟩2)
= 4E∗

(
∞

∑
k=1

⟨ηp̂n(X∗
1), ek⟩2

)
= 4E∗∥ηp̂n(X∗

1)∥2
L2 .

As in the proof of (i), for each fixed x ≥ 1,

∥ηp̂n(x)∥2
L2

P-a.s.−−−→
n→∞

∥ηp0(x)∥2
L2 and 0 ≤ ∥ηp̂n(x)∥2

L2 ≤ 4.
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Since, conditionally on the data, X∗
1 ∼ G( p̂n), it follows

E∗∥ηp̂n(X∗
1)∥2

L2 =
∞

∑
x=1

∥ηp̂n(x)∥2
L2 p̂n(1 − p̂n)

x−1.

Then, for all sufficiently large n,∣∣∣∥ηp̂n(x)∥2
L2 p̂n(1 − p̂n)

x−1
∣∣∣ ≤ 4ρx−1, x ∈ N,

where
∞

∑
x=1

4ρx−1 < ∞.

Therefore, dominated convergence for series yields

E∗∥ηp̂n(X∗
1)∥2

L2
P-a.s.−−−→
n→∞

∞

∑
x=1

∥ηp0(x)∥2
L2 p0(1 − p0)

x−1 = E∥ηp0(X)∥2
L2 .

On the other hand, again by Tonelli and Parseval,

∞

∑
k=1

αkk = 4
∞

∑
k=1

E
(
⟨ηp0(X), ek⟩2) = 4E

( ∞

∑
k=1

⟨ηp0(X), ek⟩2) = 4E∥ηp0(X)∥2
L2 .

Hence,
∞

∑
k=1

⟨Γnek, ek⟩
P-a.s.−−−→
n→∞

∞

∑
k=1

αkk < ∞.

(iii) Let ε > 0 and k ≥ 1 be fixed. Then

Ln(ε, ek) =
n

∑
i=1

E∗
(
⟨Yni, ek⟩21{|⟨Yni, ek⟩| > ε}

)
=

n

∑
i=1

E∗

(
4
n
⟨ηp̂n(X∗

i ), ek⟩21
{
|⟨ηp̂n(X∗

i ), ek⟩| >
ε
√

n
2

})
.

Since, conditionally on the data, the bootstrap variables are i.i.d.,

Ln(ε, ek) = 4E∗

(
⟨ηp̂n(X∗

1), ek⟩21
{
|⟨ηp̂n(X∗

1), ek⟩| >
ε
√

n
2

})
.

By the Cauchy-Schwarz inequality,

|⟨ηp̂n(X∗
1), ek⟩| ≤ ∥ηp̂n(X∗

1)∥L2 ∥ek∥L2 ≤ 2.
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Therefore, whenever ε
√

n > 4,

1
{
|⟨ηp̂n(X∗

1), ek⟩| >
ε
√

n
2

}
= 0.

Since ε > 0 is fixed and ε
√

n → ∞, it follows that, for all sufficiently large n,

Ln(ε, ek) = 0.

Consequently,
Ln(ε, ek)

P-a.s.−−−→
n→∞

0.

Therefore, all assumptions of Theorem 1.5 are satisfied P-a.s. with respect to the
original sample. Now, the conclusion follows using this theorem together with
the continuous mapping theorem.

The preceding result justifies using a parametric bootstrap procedure to ap-
proximate the null distributions of the proposed test statistics. Based on the
resulting bootstrap distributions, approximate critical values and p-values are
computed for |In| and Tn. In the case of In, the absolute value is taken because
both large positive and large negative values indicate departures from the null
hypothesis, whereas for Tn large values alone are relevant.

Another approach, suitable for
√

nIn in view of its asymptotic normality, is to
consider the standardized statistic

Ĩn =

√
nIn

σ̂( p̂n)
, (2.9)

where p̂n = X̄−1
n is the maximum likelihood estimator of p, and σ( p̂n) is a plug-in

estimator of σ(p), with σ(p) given in (2.8).
Table 2.1 reports the empirical quantiles of Ĩn and the corresponding quantiles

of the limiting distribution for several choices of n and p. The values were ob-
tained by a Monte Carlo procedure with N = 10000 replications (see also Figure
2.1). These results show that for small sample sizes, the use of asymptotic quan-
tiles is not justified, whereas for n > 500, the quantiles can be reasonably well
approximated.

2.4 Power study

This section presents a simulation study designed to assess the finite-sample per-
formance of the proposed tests. As already noted, their powers are approximated
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n = 100 n = 500 n = 2000 Limitting
β/p 0.2 0.5 0.8 0.2 0.5 0.8 0.2 0.5 0.8 distribution
0.99 2.70 2.83 3.20 2.60 2.62 2.72 2.58 2.64 2.60 2.58
0.95 2.07 2.07 2.29 2.00 1.99 2.01 1.96 1.99 1.95 1.96
0.9 1.75 1.72 1.66 1.69 1.67 1.65 1.65 1.65 1.64 1.64
Table 2.1: Comparison of β quantiles of | Ĩn| for different sample sizes n and β

quantiles of standard half-normal distribution

Figure 2.1: Density estimates of the statistic Ĩn across various sample sizes n and
parameter values p

by means of a parametric bootstrap procedure based on the maximum likelihood
estimator of p, given by p̂n = X̄−1

n . In addition to the newly proposed tests, the
power study includes several well-established competitors, as well as some more
recently introduced ones, which are presented below:
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• the test statistic proposed in Klar, 1999, given by

Kn = sup
t≥0

|Ψn(t)− Ψ̂(t)|,

where Ψ(t) =
∞∫
t
(1− F(x; p))dx, Ψn(t) is its empirical counterpart and Ψ̂(t)

is obtained by replacing F(x; p) with F(x; p̂n) in the expression for Ψ(t).
Here, F(x; p) denotes the cumulative distribution function of the geometric
law (2.1);

• the test statistic proposed in Jiménez-Gamero et al., 2009, given by

Wn =
∫

R
(φn(t)− φ(t; p̂n))

2 f (t)dt,

where φn(t) = 1
n

n
∑

j=1
eitXj and φ(t; p) = peit

1−(1−p)eit , t ∈ R denote, respectively,

the empirical characteristic function and the theoretical characteristic func-
tion corresponding to the geometric law given in (2.1). Here, the weight
function is chosen as f (t) = 1

π(1+t2)
, which is one of the suitable choices

suggested by the authors;

• the modified Cramér-von Mises test statistic, proposed in Henze, 1996,
given by

Hn =

X(n)

∑
k=1

{Fn(k)− F(k; p̂n)}2{Fn(k)− Fn(k − 1)},

where Fn(x) is the empirical distribution, F(x; p) is the cumulative distribu-
tion function of the geometric law (2.1) and X(n) = max

1≤i≤n
Xi;

• the test statistic based on a characterization of the geometric distribution
through linear regression of order statistics, proposed in Jiménez-Gamero
and Alba-Fernández, 2021, given by

Ln=
1

n2(n − 1)2

n

∑
i,j,k,l=1
i ̸=j,k ̸=l

(|Xi − Xj|− â)(|Xk − Xl|− â)e−
(min(Xi ,Xj)−min(Xk ,Xl ))

2

2 ,

where â = 2q̂n
1−q̂2

n
and q̂n = 1 − p̂n;

• the test statistics, proposed in Milošević et al., 2021, which are based on a
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characterization of the geometric distribution through a differential equa-
tion satisfied by its pgf given by

T(2)
n =

1∫
0

S2
n(t; p̂n)w(t)dt and T(3)

n = sup
t∈[0,1]

|Sn(t; p̂n)|,

where Sn(t; p) = pt2g′n(t) − g2
n(t), gn is the empirical pgf and w(t) = t is

one of the weight functions considered by the authors and is adopted here,
since it exhibited slightly better performance in their reported results.

For all competitors, the null hypothesis is rejected for large values of the associ-
ated test statistic.

The accuracy of the bootstrap approximation to the null distributions of the
test statistics under consideration is assessed through an analysis of the cor-
responding empirical sizes. The study is conducted at the significance level
α = 0.05 for the sample sizes n = 20 and n = 40, based on samples generated
from the geometric distribution G(p) with p = 0.1, 0.2, . . . , 0.9. For each con-
figuration, the test statistics are computed and the associated bootstrap p-values
are obtained using B = 1000 bootstrap replications, with the entire experiment
repeated N = 1000 times.

The results presented in Table 2.2 suggest that the quality of the parametric
bootstrap approximation is strongly influenced by the value of p. For small and
moderate values of p, the empirical rejection probabilities remain close to the
nominal significance level. In contrast, for larger values of p, the resulting tests
tend to be conservative. The only exception is observed for n = 20 and p = 0.9,
where the tests become somewhat liberal. In light of these finite-sample effects,
particularly for smaller sample sizes, the use of mid-p values may represent a
possible improvement; see Wilson and Einbeck, 2023.

To assess power performance, several commonly used alternative scenarios
are examined. More precisely, the analysis is carried out under the following
alternative distributions:

• a shifted Poisson distribution P(λ)

P{X = k} =
λk−1e−λ

(k − 1)!
, k ∈ N, λ > 0;
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n = 20 n = 40
p Tn In Kn Wn Hn T(2)n T(3)n Ln Tn In Kn Wn Hn T(2)n T(3)n Ln

0.1 5 6 4 6 5 6 6 6 6 5 6 6 6 7 7 5
0.2 5 5 3 4 4 5 5 4 5 5 4 5 5 4 5 4
0.3 6 6 4 5 5 6 6 5 5 5 4 5 5 5 5 5
0.4 6 6 3 6 5 5 5 5 6 6 4 5 5 5 5 5
0.5 6 6 3 5 5 4 4 3 5 5 5 6 6 6 5 4
0.6 5 5 3 5 6 4 4 3 4 4 3 5 5 4 4 3
0.7 4 5 3 5 5 4 3 2 5 5 4 4 5 3 3 3
0.8 4 5 4 5 5 4 5 2 4 4 4 5 5 3 3 1
0.9 12 12 15 15 15 15 15 12 2 2 6 5 6 5 5 2
Table 2.2: Empirical type I error (percentage of rejections of the null hypothesis)

at significance level α = 0.05 for sample sizes n = 20 and n = 40

• a shifted binomial distribution B(n, p)

P{X = k} =

(
n

k − 1

)
p(k−1)(1− p)n−k+1, k = 1, ..., n+ 1, n ∈ N, p ∈ (0, 1);

• a shifted negative binomial distribution NB(n, p)

P{X = k} =
(n + k − 2)!

(n − 1)!(k − 1)!
pn(1 − p)k−1, k ∈ N, n ∈ N, p ∈ (0, 1);

• a type 1 discrete Weibull distribution W1(b, q)

P{X = k} = q(k−1)b − qkb
, k ∈ N, q ∈ (0, 1), b > 0;

• a shifted type 3 discrete Weibull distribution W3(q, b)

P{X = k} = e
−q

k−1
∑

i=1
ib(

1 − e−qkb)
, k ∈ N, q > 0, b ≥ −1,

letting
k−1
∑

i=1
ib = 0 if k = 1;

• a law of geometric - discrete uniform mixture distribution MixGU(ω, p),

ωX + (1 − ω)Y, 0 < ω < 1,

where X and Y are independent, X ∼ G(p) and Y ∼ DU(1, 2);

• a law of shifted absolute difference between geometric and discrete uniform
distribution AbsGU(p),

|X − Y|+ 1,
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n = 20 n = 40
Alt. p0 Tn In Kn Wn Hn T(2)n T(3)n Ln Tn In Kn Wn Hn T(2)n T(3)n Ln

P(0.5) 0.67 22 23 12 15 16 6 5 10 40 42 26 30 30 23 22 27
P(1) 0.5 46 46 27 37 31 35 31 38 82 83 66 70 68 72 70 74

P(1.5) 0.4 53 53 49 60 42 62 59 63 93 94 86 87 85 92 92 93
P(2) 0.33 50 50 71 75 59 81 79 81 94 94 98 97 97 99 98 99

B(5,0.2) 0.5 73 73 53 61 54 59 55 61 95 96 90 90 89 92 91 92
B(5,0.05) 0.8 10 11 3 7 7 1 1 2 16 17 9 11 12 4 3 5
B(10,0.05) 0.67 28 29 15 20 21 10 8 15 44 44 31 33 33 25 23 31
B(10,0.1) 0.5 57 57 39 48 42 46 43 48 88 89 76 78 77 80 79 83
NB(2,0.2) 0.11 11 10 21 22 17 33 32 32 28 27 48 44 47 65 63 65
NB(2,0.4) 0.25 17 17 12 19 9 20 19 21 36 37 34 36 29 43 41 44
NB(2,0.6) 0.43 17 17 9 13 8 12 11 13 30 30 16 21 16 20 18 22
NB(2,0.8) 0.67 11 11 5 8 9 3 3 4 12 13 7 9 9 5 5 6

W1(0.5,0.8) 0.02 60 50 82 74 95 95 93 92 96 95 99 96 100 100 100 100
W1(1.2,0.8) 0.26 14 13 7 11 5 12 11 12 21 22 15 16 13 21 20 21
W1(1.4,0.6) 0.5 33 33 18 26 19 21 19 25 59 59 39 45 42 45 43 49
W1(1.4,0.8) 0.32 26 27 19 27 14 30 28 31 55 56 49 48 43 60 58 62
W3(0.2,0.5) 0.28 23 23 18 22 12 25 24 25 51 52 43 41 35 52 51 52
W3(0.1,0.75) 0.22 34 33 43 44 32 58 56 58 70 71 84 76 78 90 90 89
W3(0.4,0.5) 0.42 23 23 13 21 13 20 18 21 49 50 33 34 29 38 36 42
W3(0.8,0.5) 0.61 21 22 11 16 14 10 8 13 34 35 20 24 23 19 18 23

MixGU(0.5,0.5) 0.57 35 33 18 30 31 16 14 19 48 45 28 46 42 20 19 28
MixGU(0.5,0.7) 0.68 42 43 25 35 37 15 13 20 69 68 53 61 60 41 39 49
MixGU(0.3,0.6) 0.64 64 63 43 54 56 29 26 39 86 84 71 80 78 56 55 68
MixGU(0.6,0.5) 0.55 20 19 10 15 16 8 8 10 32 30 19 29 27 14 14 19

AbsGU(0.3) 0.32 4 4 4 17 9 7 5 7 5 4 5 28 17 7 7 8
AbsGU(0.5) 0.5 40 38 23 44 39 22 21 30 69 67 44 70 66 37 34 53
AbsGU(0.7) 0.61 76 76 59 70 70 47 44 58 97 97 91 95 94 84 82 90

Table 2.3: Percentage of rejected null hypotheses at the significance level of 0.05
for sample sizes n = 20 and n = 40

where X and Y are independent, X ∼ G(p) and Y ∼ DU(1, 2).

Table 2.3 presents the results, with the highest powers highlighted in bold.
To facilitate interpretation, the table also includes the quantity p0 = 1

E(X)
, which

represents the value of the geometric parameter obtained by matching the mean
of the alternative distribution with that of a geometric distribution. The results
indicate that no single test is uniformly more powerful over all considered al-
ternatives, which agrees with the findings of Janssen, 2000. Taken as a whole,
the proposed tests exhibit competitive performance compared to the remain-
ing tests. The newly proposed tests generally outperform competing tests for
moderate and large values of p0. However, for alternatives that correspond
to small values of p0, their performance is less satisfactory. In particular, the
proposed tests exhibit similar power performance across all cases examined,
as expected, since they leverage the same characterizing property. What may
be regarded as surprising is their distinct behavior in comparison with Ln, al-
though Ln is based on a characterization related to Ferguson’s. This difference
could be related to the fact that Ln is based on the regression-type condition
E(|X2 − X1| | min(X1, X2) = j) = a, ∀j ≥ 1 where a denotes the corresponding
value of E(|X2 − X1|) under the geometric model. By contrast, the statistic con-
sidered here relies on the full independence between |X1 − X2| and min(X1, X2).
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Chapter 3

A correlation-type goodness-of-fit test
for absolutely continuous distribu-
tions

Consider i.i.d random variables X1, X2, . . . , Xn defined on the probability space
(Ω,A, P). Their common, unknown distribution is denoted by F, which is as-
sumed to belong to a broad nonparametric class of probability measures

G = {G : G is a probability measure on (R,B(R))} .

Let P = {Fθ : θ ∈ Θ} be a parametric family indexed by a finite-dimensional
parameter taking values in Θ ⊂ Rd, for some fixed integer d. Assume that P is a
proper subfamily of G.

The objective is to determine whether the true underlying distribution F be-
longs to the specified parametric family. Formally, the following hypothesis test-
ing problem is considered:

H0 : F ∈ P , (3.1)

against the alternative hypothesis

H1 : F ∈ G \ P .

As already noted, among the earliest and most established approaches to testing
null hypotheses of this type are the classical edf tests, such as

· Kolmogorov-Smirnov test

KSn =
√

n sup
x∈R

|Fn(x)− Fθ̂n
(x)|, (3.2)
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· Cramér-von Mises test

CvMn =

∞∫
−∞

(Fn(x)− Fθ̂n
(x))2dFθ̂n

(x), (3.3)

· Anderson-Darling test

ADn =

∞∫
−∞

(Fn(x)− Fθ̂n
(x))2

Fθ̂n
(x)(1 − Fθ̂n

(x))
dFθ̂n

(x).

Here, Fn represents the empirical distribution function of the sample X1, . . . , Xn

and θ̂n = θ̂n(X1, . . . , Xn) is an estimator of the unknown parameter θ under the
null hypothesis. Indeed, these tests rely on the difference between the empirical
distribution function of the data and a parametric estimator of the theoretical dis-
tribution function under the null hypothesis (see, e.g., D’Agostino and Stephens,
1986 and Stute et al., 1993).

Another approach relies on distributional characterizations, where the null
model is identified through a property that is unique to the corresponding fam-
ily. In this context, attention is focused on a particular class of distributional
characterizations, namely independence characterizations. In particular, several
gof tests based on this type of characterization have been proposed for specific
parametric families (see, e.g., Mudholkar et al., 2001; Milošević, 2017; Jiménez-
Gamero et al., 2020).

In the general case, Milošević and Obradović, 2016 developed a method for
constructing Kolmogorov-type test statistics derived from this class of character-
izations. In contrast, Baringhaus and Gaigall, 2015 proposed an integral-type test
statistic arising from the same characterization-based approach. This test statistic
is based on an L2-type distance between the joint U-empirical distribution func-
tion of the two random variables appearing in the characterization, say ψ1(X, Y)
and ψ2(X, Y), and the product of its marginals. Specifically, let X1, . . . , Xn be an
i.i.d. sample from the distribution of a random variable X, and let Y denote an
independent copy of X. They consider the following test statistic,

HBKRn = n
∫ (

Hn(x, y)− Fn(x)Gn(y)
)2

dHn(x, y), (3.4)
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where

Hn(x, y) =
1

n(n − 1)

n

∑
i,j=1
i ̸=j

1{ψ1(Xi, Xj) ≤ x, ψ2(Xi, Xj) ≤ y}

denotes the joint U-empirical distribution function of (ψ1(X, Y), ψ2(X, Y)), while
Fn(x) and Gn(y) represent its marginals. The test statistic HBKRn is a Hoeffding-
Blum-Kiefer-Rosenblatt-type statistic adapted to the problem of testing the inde-
pendence of ψ1(X, Y) and ψ2(X, Y).

Having reviewed some of the existing approaches to testing (3.1), attention is
now turned to the development of a novel general testing procedure. The pro-
posed test statistic is

Tn =

∫
Hn(x, y)Fn(x)Gn(y)dHn(x, y)√∫

H2
n(x, y)dHn(x, y)

√∫
F2

n(x)G2
n(y)dHn(x, y)

− 1. (3.5)

The motivation for this test statistic is as follows. First, let denote the joint distri-
bution function of (ψ1(X, Y), ψ2(X, Y)) with

H(x, y) = P{ψ1(X, Y) ≤ x, ψ2(X, Y) ≤ y},

where the marginal functions are given by:

F(x) = P{ψ1(X, Y) ≤ x} and

G(y) = P{ψ2(X, Y) ≤ y}.

Using the Cauchy-Schwarz inequality and the nonnegativity of the distribution
function, the following is obtained

0 ≤
∫

H(x, y)F(x)G(y)dH(x, y)

≤
√∫

H2(x, y)dH(x, y)
√∫

F2(x)G2(y)dH(x, y).

The equality is reached iff H(x, y) = F(x)G(y), ∀x, y ∈ R such that the joint dis-
tribution function H(x, y) is nonzero, which is a condition that is fulfilled solely
under the null hypothesis. Therefore, it holds∫

H(x, y)F(x)G(y)dH(x, y)√∫
H2(x, y)dH(x, y)

√∫
F2(x)G2(y)dH(x, y)

≤ 1.
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The proposed test statistic is obtained by replacing the theoretical distribution
function with the empirical one in the expression above.

Since the test statistics HBKRn and Tn are closely related, one might expect
that tests based on these statistics would exhibit similar power. In the follow-
ing, a comparative analysis under various alternatives is conducted to examine
whether the tests exhibit similar power.

Throughout this chapter, only two-dimensional sample functions ψ1 and ψ2

are considered. However, the results admit a natural extension to the case
where the family P is characterized by the independence of ψ1(X1, . . . , Xd) and
ψ2(X1, . . . , Xd) for some d ≥ 2.

3.1 Large sample properties

Let H denote the absolutely continuous joint distribution function of
(ψ1(X, Y), ψ2(X, Y)), and let Hn be its empirical counterpart. By Theorem 1.13
and the discussion following it, with m = r = 2, it holds

sup
(x,y)∈R

2
|Hn(x, y)− H(x, y)| a.s.−−−→

n→∞
0. (3.6)

Prior to establishing the almost sure limit of the proposed test statistic, the auxil-
iary lemma is introduced.

Lemma 3.1 (Halaj et al., 2024). Assume that H is an absolutely continuous two-
dimensional df, then:

(a)
∫

H(x, y)F(x)G(y)dHn(x, y) a.s.−−−→
n→∞

∫
H(x, y)F(x)G(y)dH(x, y)

(b)
∫

H2(x, y)dHn(x, y) a.s.−−−→
n→∞

∫
H2(x, y)dH(x, y)

(c)
∫

F2(x)G2(y)dHn(x, y) a.s.−−−→
n→∞

∫
F2(x)G2(y)dH(x, y)

(d)
∫

H2
n(x, y)dHn(x, y) a.s.−−−→

n→∞

∫
H2(x, y)dH(x, y)

(e)
∫

F2
n(x)G2

n(y)dHn(x, y) a.s.−−−→
n→∞

∫
F2(x)G2(y)dH(x, y)

Proof. The proof of (a)-(c) is a direct consequence of (3.6) and the Portmanteau
Lemma (see Lemma 1.1). In case (d) one has∫

H2
n(x, y)dHn(x, y) =

∫
H2(x, y)dHn(x, y) +

∫
(H2

n(x, y)− H2(x, y))dHn(x, y).
(3.7)
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From part (b), it follows∫
H2(x, y)dHn(x, y) a.s.−−−→

n→∞

∫
H2(x, y)dH(x, y). (3.8)

Since

|H2
n(x, y)− H2(x, y)| =|Hn(x, y)− H(x, y)| |Hn(x, y) + H(x, y)|

≤2|Hn(x, y)− H(x, y)|,

from (3.6) it readily follows that∫
(H2

n(x, y)− H2(x, y))dHn(x, y) a.s.−−−→
n→∞

0. (3.9)

From (3.8) and (3.9), it directly follows that part (d) holds. In part (e), by follow-
ing the same approach∫

F2
n(x)G2

n(y)dHn(x, y) =
∫

F2(x)G2(y)dHn(x, y)

+
∫
(F2

n(x)− F2(x))G2(y)dHn(x, y)

+
∫
(F2

n(x)− F2(x))(G2
n(y)− G2(y))dHn(x, y)

+
∫
(G2

n(y)− G2(y))F2(x)dHn(x, y)

all terms except the first one converge a.s. to zero. The result follows using part
(c) for the first term.

Remark 3.1. Under the null hypothesis, all limits in Lemma 3.1 are equal to(∫
F2(x)dF(x)

)2
= 1/9, so it follows that√∫

H2
n(x, y)dHn(x, y)

√∫
F2

n(x)G2
n(y)dHn(x, y) a.s.−−−→

n→∞
1/9.

Now, the a.s. limit of the proposed test statistic under general distributional
assumptions is considered.

Theorem 3.1 (Halaj et al., 2024). Suppose that H, the joint distribution function of
(ψ1(X, Y), ψ2(X, Y)), is absolutely continuous, then

Tn
a.s.−−−→

n→∞
T =

∫
H(x, y)F(x)G(y)dH(x, y)√∫

H2(x, y)dH(x, y)
√∫

F2(x)G2(y)dH(x, y)
− 1.
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Proof. The result follows directly from Lemma 3.1.

In the preceding section, it was established that T ≤ 0 with equality holding
under the null hypothesis. Moreover, T = 0 iff H0 is true. Therefore, a reasonable
test should reject the null hypothesis for small values of the test statistic Tn. In
order to determine the corresponding critical values, the distribution of Tn under
the null hypothesis is required. Since the null distribution of Tn is unknown, a
suitable approximation is needed. For this purpose, its asymptotic null distribu-
tion is derived.

First, the necessary notation is introduced. Let R
2
= [−∞, ∞]2, which is a

compact space when it is endowed with the metric

ρ((x1, y1), (x2, y2)) = max{| arctan(x1)− arctan(x2)|, | arctan(y1)− arctan(y2)|},

for all (x1, y1), (x2, y2) ∈ R
2. Let ℓ∞(R

2
) denotes the space of all bounded real-

valued functions on R
2, equipped with the supremum norm

∥ f ∥∞ = sup
(x,y)∈R

2
| f (x, y)|.

Consider the process Wn = {Wn(x, y), (x, y) ∈ R
2}, where

Wn(x, y) =
√

n {Hn(x, y)− H(x, y)} , (x, y) ∈ R
2.

By Theorem 1 of Baringhaus and Gaigall, 2015 and the subsequent discussion,
there exists a zero-mean Gaussian process W = {W(x, y), (x, y) ∈ R

2} that has
P-a.s. uniformly ρ-continuous sample paths, and that can be regarded as a tight
Borel measurable random element in ℓ∞(R

2
) such that

Wn
D−−−→

n→∞
W. (3.10)

The statement that the process W has P-a.s. uniformly ρ-continuous sample paths
means that there exists a set Ω0 with P(Ω0) = 1 such that, for every ω ∈ Ω0, the
function

(x, y) 7→ W(x, y; ω)

is bounded and uniformly continuous with respect to the metric ρ. More pre-
cisely, for every ε > 0, there exists δ > 0 such that, for all (x1, y1), (x2, y2) ∈ R

2,

ρ
(
(x1, y1), (x2, y2)

)
< δ =⇒ |W(x1, y1; ω)− W(x2, y2; ω)| < ε.
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In addition, let Un = {Un(x, y), (x, y) ∈ R
2}, where

Un(x, y) =
√

n {Hn(x, y)− Fn(x)Gn(y)} , (x, y) ∈ R
2.

The corresponding weak convergence result for the process Un is stated in the
following theorem, provided in Baringhaus and Gaigall, 2015.

Theorem 3.2 (Baringhaus and Gaigall, 2015). Assume that the null hypothesis is true
and that the marginal distribution functions of (ψ1(X1, X2), ψ2(X1, X2)) are continuous.
Then, there exists a zero-mean Gaussian process U = {U(x, y) | (x, y) ∈ R

2} that has
P-a.s. uniformly ρ-continuous sample paths, and that can be regarded as a tight Borel
measurable random element in ℓ∞(R

2
) such that Un

D−−−→
n→∞

U. The covariance function
C of U is given by

C((x, y),(x̃, ỹ))

= ∑
(i,j)∈J

P{ψ1(X1, X2) ≤ x, ψ2(X1, X2) ≤ y, ψ1(Xi, Xj) ≤ x̃, ψ2(Xi, Xj) ≤ ỹ)

−G(ỹ) ∑
(i,j)∈J

P{ψ1(X1, X2) ≤ x, ψ2(X1, X2) ≤ y, ψ1(Xi, Xj) ≤ x̃)

−F(x̃) ∑
(i,j)∈J

P{ψ1(X1, X2) ≤ x, ψ2(X1, X2) ≤ y, ψ2(Xi, Xj) ≤ ỹ)

−G(y) ∑
(i,j)∈J

P{ψ1(X1, X2) ≤ x, ψ1(Xi, Xj) ≤ x̃, ψ2(Xi, Xj) ≤ ỹ)

−F(x) ∑
(i,j)∈J

P{ψ2(X1, X2) ≤ y, ψ1(Xi, Xj) ≤ x̃, ψ2(Xi, Xj) ≤ ỹ)

+G(y)G(ỹ) ∑
(i,j)∈J

P{ψ1(X1, X2) ≤ x, ψ1(Xi, Xj) ≤ x̃)

+G(y)F(x̃) ∑
(i,j)∈J

P{ψ1(X1, X2) ≤ x, ψ2(Xi, Xj) ≤ ỹ)

+F(x)G(ỹ) ∑
(i,j)∈J

P{ψ1(Xi, Xj) ≤ x̃, ψ2(X1, X2) ≤ y)

+F(x)F(x̃) ∑
(i,j)∈J

P{ψ2(X1, X2) ≤ y, ψ2(Xi, Xj) ≤ ỹ)

−4F(x)G(y)F(x̃)G(ỹ), (x, y), (x̃, ỹ) ∈ R
2,

where J = {(1, 3), (3, 1), (2, 3), (3, 2)}.

To facilitate the proof of the asymptotic distribution of the proposed test statis-
tic under the null hypothesis, two auxiliary lemmas are presented first.
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Lemma 3.2 (Halaj et al., 2024). Suppose that the null hypothesis is true and that the
marginal distribution functions F and G are continuous. Let Vn = {Vn(x, y), (x, y) ∈
R

2}, where
Vn(x, y) =

√
n {Fn(x)Gn(y)− F(x)G(y)} .

There is a zero-mean Gaussian process V = {V(x, y), (x, y) ∈ R
2} that has P-a.s. uni-

formly ρ-continuous sample paths, and that can be regarded as a tight Borel measurable
random element in ℓ∞(R

2
) such that Vn

D−−−→
n→∞

V.

Proof. The result can be derived using the same arguments as in the proof of The-
orem 3.2 (presented in Baringhaus and Gaigall, 2015). First, rewrite the process
Vn as Vn = ϕ(Wn) +

1√
n χ(Wn), where the functions ϕ, χ : ℓ∞(R

2
) → ℓ∞(R

2
)

defined by

ϕ(w)(x, y) = G(y)w(x, ∞) + F(x)w(∞, y),

χ(w)(x, y) = w(x, ∞)w(∞, y),

for all (x, y) ∈ R
2 and w ∈ ℓ∞(R

2
), are continuous and measurable with respect

to the σ-algebra generated by the projections on ℓ∞(R
2
). By the continuous map-

ping theorem (Theorem 1.2), together with

1√
n

χ(Wn)
P−−−→

n→∞
0,

it follows that
Vn

D−−−→
n→∞

ϕ(W).

Denote the limiting process by V = ϕ(W). Since ϕ is a continuous linear map-
ping, V has bounded and P-a.s. uniformly ρ-continuous sample paths. Further-
more, as a linear transformation of the zero-mean Gaussian process W, the pro-
cess V is also a zero-mean Gaussian.

Lemma 3.3 (Halaj et al., 2024). Suppose that the null hypothesis is true and that the
marginal distribution functions F and G are continuous. Then

(a)
√

n
∫

H(x, y){Hn(x, y)− H(x, y)}dHn(x, y) D−−−→
n→∞

∫
H(x, y)W(x, y)dH(x, y).

(b)
√

n
∫

H(x, y){Hn(x, y)− Fn(x)Gn(y)}dHn(x, y) D−−−→
n→∞

∫
H(x, y)U(x, y)dH(x, y).

(c)
√

n
∫

H(x, y){Fn(x)Gn(y)− H(x, y)}dHn(x, y) D−−−→
n→∞

∫
H(x, y)V(x, y)dH(x, y).

(d) n
∫
{Hn(x, y)− H(x, y)}2dHn(x, y) D−−−→

n→∞

∫
W2(x, y)dH(x, y).
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(e) n
∫
{Fn(x)Gn(y)− H(x, y)}2dHn(x, y) D−−−→

n→∞

∫
V2(x, y)dH(x, y).

Proof. The main ideas of the proof are related to those used in the proof of Theo-
rem 3 in Baringhaus and Gaigall, 2015. However, the arguments are adapted to
the present framework and to the specific form of the proposed test statistic. For
this reason, only part (a) is treated in detail; the proofs of the remaining parts
proceed along the same lines.

Let P denote the space of probability measures on (R2,B(R2)) under the
topology of weak convergence. The corresponding Borel σ-algebra is denoted by
B(P). The empirical distribution Hn is regarded as a B(P)-measurable random
element of P . By Varadarajan’s theorem (Theorem 1.1),

Hn
a.s.−−−→

n→∞
H in P ,

where H is understood as a non-random element of P . Hence,

Hn
D−−−→

n→∞
H in P .

Furthermore, by (3.10),

Wn
D−−−→

n→∞
W in ℓ∞(R

2
).

Let uρ denote the space of bounded, uniformly ρ-continuous real-valued func-
tions on R

2, equipped with the supremum norm, i.e.

uρ =
{

ϕ ∈ ℓ∞(R
2
) : ϕ is uniformly ρ-continuous

}
.

Since W has P-a.s. uniformly ρ-continuous sample paths, it follows that

P(W ∈ uρ) = 1.

Since (R
2, ρ) is compact, uρ is separable under the supremum norm. Hence W is

separable as an ℓ∞(R
2
)-valued random element. Since the limiting measure H is

non-random and W is separable as an ℓ∞(R
2
)-valued random element, Slutsky’s

theorem (Theorem 1.3) yields

(Wn, Hn)
D−−−→

n→∞
(W, H) in ℓ∞(R

2
)×P .
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Consider now the mapping

Φ(ϕ, µ) =
∫

H(x, y)ϕ(x, y) dµ(x, y), (ϕ, µ) ∈ ℓ∞(R
2
)×P .

To justify the application of the continuous mapping theorem, it is enough to
show that Φ is continuous at every point (ϕ, µ) such that ϕ ∈ uρ. Let (ϕn, µn) be
a sequence in ℓ∞(R

2
)×P such that

(ϕn, µn) → (ϕ, µ),

with respect to the product topology such that ϕ ∈ uρ. In other words,

∥ϕn − ϕ∥∞ → 0

and
µn → µ in P .

Then,∣∣∣∣∫ Hϕn dµn −
∫

Hϕ dµ

∣∣∣∣ ≤ ∥H∥∞∥ϕn − ϕ∥∞ +

∣∣∣∣∫ Hϕ dµn −
∫

Hϕ dµ

∣∣∣∣ .

The first term tends to zero by the uniform convergence of ϕn to ϕ. The second
term tends to zero by the weak convergence of µn to µ in P , since Hϕ is bounded
and continuous. Thus, Φ is continuous at every point (ϕ, µ) with ϕ ∈ uρ.

Since
P(W ∈ uρ) = 1,

the continuous mapping theorem gives

Φ(Wn, Hn)
D−−−→

n→∞
Φ(W, H).

This gives the conclusion in part (a).

Remark 3.2. The limits obtained in Lemma 3.3 (a)-(c) are centered univariate normal
random variables with finite variances. In contrast, the limits in parts (d) and (e) are
linear combinations of independent chi-squared random variables with one degree of free-
dom, whose expectations are finite.

The following result provides, in terms of the limiting process U, the asymp-
totic null distribution of nTn, where Tn is defined in (3.5).
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Theorem 3.3 (Halaj et al., 2024). Suppose that the null hypothesis is true and that F
and G are continuous. Then

nTn
D−−−→

n→∞

81
2

{∫
H(x, y)U(x, y)dH(x, y)

}2

− 9
2

∫
U2(x, y)dH(x, y).

Proof. Using Remark 3.1 the denominator of Tn converges a.s. to 1
9 . Consider the

numerator of Tn, denoted by Nn.

Nn =
∫ (

Hn(x, y)Fn(x)Gn(y)− H(x, y)F(x)G(y)
)
dHn(x, y)

+
∫

H(x, y)F(x)G(y)dHn(x, y)

−
√∫

H2
n(x, y)dHn(x, y)

√∫
F2

n(x)G2
n(y)dHn(x, y).

In order to shorten the notation, from now on, the arguments x and y of H, Hn,
F, Fn, Gn and G will be suppressed. A direct calculation yields

Nn =
∫ (

(Hn − H + H)(FnGn − H + H)− HFG
)
dHn +

∫
HFGdHn

−
(√∫

H2
n dHn −

√∫
H2 dHn +

√∫
H2 dHn

)
×
(√∫

F2
n G2

n dHn −
√∫

H2 dHn +

√∫
H2 dHn

)
=
∫

H(Hn − H)dHn +
∫

H(FnGn − H)dHn +
∫
(Hn − H)(FnGn − H)dHn

−
(√∫

H2
n dHn −

√∫
H2 dHn

)(√∫
F2

n G2
n dHn −

√∫
H2 dHn

)
−
√∫

H2 dHn

(√∫
F2

n G2
n dHn −

√∫
H2 dHn

)
−
√∫

H2 dHn

(√∫
H2

n dHn −
√∫

H2 dHn

)
Taking into account relation (a− b) = (

√
a−

√
b)(

√
a+

√
b), for a, b ∈ R, a, b ≥ 0,

the following is obtained√∫
H2

ndHn −
√∫

H2dHn =

∫
(H2

n − H2)dHn√∫
H2

ndHn +
√∫

H2dHn

. (3.11)

Applying the identity (a2 − b2) = (a − b)2 + 2b(a − b), a, b ∈ R to the integrand
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of the numerator in (3.11) leads to the expression

H2
n − H2 = 2H(Hn − H) + (Hn − H)2. (3.12)

Now, it follows

Nn =
∫

H(Hn − H)dHn +
∫

H(FnGn − H)dHn +
∫
(Hn − H)(GnFn − H)dHn

−
(√∫

H2
n dHn −

√∫
H2 dHn

)(√∫
F2

n G2
n dHn −

√∫
H2 dHn

)
−
√∫

H2 dHn
2
∫

H(FnGn − H)dHn +
∫
(FnGn − H)2dHn√∫

F2
n G2

ndHn +
√∫

H2dHn

−
√∫

H2 dHn
2
∫

H(Hn − H)dHn +
∫
(Hn − H)2dHn√∫

H2
ndHn +

√∫
H2dHn

=
∫

H(Hn − H)dHn

√∫
H2

ndHn −
√∫

H2dHn√∫
H2

ndHn +
√∫

H2dHn

+
∫

H(FnGn − H)dHn

√∫
F2

n G2
ndHn −

√∫
H2dHn√∫

F2
n G2

ndHn +
√∫

H2dHn

+
∫
(Hn − H)(GnFn − H)dHn

−
(√∫

H2
n dHn −

√∫
H2 dHn

)(√∫
F2

n G2
n dHn −

√∫
H2 dHn

)
−
√∫

H2 dHn

∫
(FnGn − H)2dHn√∫

F2
n G2

ndHn +
√∫

H2dHn

−
√∫

H2 dHn

∫
(Hn − H)2dHn√∫

H2
ndHn +

√∫
H2dHn

=
∫

H(Hn − H)dHn
2
∫

H(Hn − H)dHn +
∫
(Hn − H)2dHn(√∫

H2
ndHn +

√∫
H2dHn

)2

+
∫

H(FnGn − H)dHn
2
∫

H(FnGn − H)dHn +
∫
(FnGn − H)2dHn(√∫

F2
n G2

ndHn +
√∫

H2dHn

)2

+
∫
(Hn − H)(GnFn − H)dHn

−
(√∫

H2
n dHn −

√∫
H2 dHn

)(√∫
F2

n G2
n dHn −

√∫
H2 dHn

)
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−
√∫

H2 dHn

∫
(FnGn − H)2dHn√∫

F2
n G2

ndHn +
√∫

H2dHn

−
√∫

H2 dHn

∫
(Hn − H)2dHn√∫

H2
ndHn +

√∫
H2dHn

=2

 ∫
H(Hn − H)dHn√∫

H2
ndHn +

√∫
H2dHn

−
∫

H(FnGn − H)dHn√∫
F2

n G2
ndHn +

√∫
H2dHn

2

−
√∫

H2 dHn

∫
(FnGn − H)2dHn√∫

F2
n G2

ndHn +
√∫

H2dHn

−
√∫

H2 dHn

∫
(Hn − H)2dHn√∫

H2
ndHn +

√∫
H2dHn

+
∫
(Hn − H)(FnGn − H)dHn + Rn,

where

Rn =

∫
H(Hn − H)dHn

∫
(Hn − H)2dHn(√∫

H2
ndHn +

√∫
H2dHn

)2

+

∫
H(FnGn − H)dHn

∫
(FnGn − H)2dHn(√∫

F2
n G2

ndHn +
√∫

H2dHn

)2

−
2
∫

H(Hn − H)dHn
∫
(FnGn − H)2dHn(√∫

H2
ndHn +

√∫
H2dHn

)(√∫
F2

n G2
ndHn +

√∫
H2dHn

)
−

2
∫
(Hn − H)2dHn

∫
H(FnGn − H)dHn(√∫

H2
ndHn +

√∫
H2dHn

)(√∫
F2

n G2
ndHn +

√∫
H2dHn

)
−

∫
(Hn − H)2dHn

∫
(FnGn − H)2dHn(√∫

H2
ndHn +

√∫
H2dHn

)(√∫
F2

n G2
ndHn +

√∫
H2dHn

) .

From Lemma 3.1 and Lemma 3.3, it follows that nRn = oP(1).
Now, from Lemma 3.1 (see also Remark 3.1),√∫

H2
ndHn +

√∫
H2dHn

a.s.−−−→
n→∞

2/3,√∫
F2

n G2
ndHn +

√∫
H2dHn

a.s.−−−→
n→∞

2/3.
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Therefore, one can write∫
H(Hn − H)dHn√∫

H2
ndHn +

√∫
H2dHn

−
∫

H(FnGn − H)dHn√∫
F2

n G2
ndHn +

√∫
H2dHn

=
3
2

∫
H(Hn − FnGn)dHn + R1n,

with R1n = oa.s.
(∣∣∫ H(Hn − H)dHn

∣∣+ ∣∣∫ H(FnGn − H)dHn
∣∣). By Lemma 3.3,

√
nR1n = oP(1) and consequently,

2n

 ∫
H(Hn − H) dHn√∫

H2
n dHn +

√∫
H2 dHn

−
∫

H(FnGn − H) dHn√∫
F2

n G2
n dHn +

√∫
H2 dHn

2

=
9
2

(√
n
∫

H(Hn − FnGn) dHn

)2

+ oP(1).

By Lemma 3.1, it follows that√∫
H2dHn√∫

H2
n dHn +

√∫
H2 dHn

a.s.−−−→
n→∞

1
2

,

√∫
H2dHn√∫

F2
n G2

n dHn +
√∫

H2 dHn

a.s.−−−→
n→∞

1
2

.

Therefore,√∫
H2dHn

( ∫
(Hn − H)2dHn√∫

H2
n dHn +

√∫
H2 dHn

+

∫
(FnGn − H)2dHn√∫

F2
n G2

n dHn +
√∫

H2 dHn

)
−
∫
(Hn − H)(FnGn − H)dHn =

1
2

∫
(Hn − FnGn)

2dHn + R2n,

where R2n = oa.s.
(∫

(Hn − H)2dHn +
∫
(FnGn − H)2dHn

)
. By Lemma 3.3, nR2n =

oP(1).
Combining the previous results, it follows that

nNn =
9
2

(√
n
∫

H(Hn − FnGn)dHn

)2

− n
2

∫
(Hn − FnGn)

2dHn + oP(1). (3.13)

The result follows from (3.13), Lemma 3.3, Remark 3.1 and the continuous map-
ping theorem.
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By construction, Tn is a random variable that takes non-positive values. On
the other hand, under the null hypothesis, it holds

∫
H2(x, y)dH(x, y) =

∫
F2(x)dF(x)

∫
G2(x)dG(x) =

1
9

.

So, the Cauchy-Schwarz inequality

(∫
H(x, y)U(x, y)dH(x, y)

)2

≤
∫

H2(x, y)dH(x, y)
∫

U2(x, y)dH(x, y)

=
1
9

∫
U2(x, y)dH(x, y).

yields that the limiting distribution is also non-positive. Theorem 3.3 states that
the limiting distribution is a random variable that can be represented as the dif-
ference of two components. The first component,

81
2

(∫
H(x, y)U(x, y) dH(x, y)

)2

,

has the distribution of the square of a centered univariate normal random vari-
able and is proportional to a χ2

1 random variable. The second component,

9
2

∫
U2(x, y) dH(x, y),

is proportional to ∑k≥1 λkχ2
1,k, where χ2

1,1, χ2
1,2, . . . are independent χ2

1 random
variables, and {λk}k≥1 are the eigenvalues of the integral operator

A : L2(R2, H) → L2(R2, H),

defined by

A f (x, y) =
∫

C((x, y), (u, v)) f (u, v) dH(u, v),

for f ∈ L2(R2, H), where C denotes the covariance function of U. The space is
defined as

L2(R2, H) = { f : R2 → R measurable with
∫

f 2(x, y) dH(x, y) < ∞}.

Let α ∈ (0, 1) be fixed and consider the statistic Tn to testing H0. The correspond-
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ing test function is defined by

Ψ =

1, if Tn,obs ≤ qn,α,

0, otherwise,

where qn,α = sup{t : P0(Tn ≤ t) ≤ α} denotes the α-quantile of the distribution
of Tn under H0, and Tn,obs is the observed value of the statistic. Equivalently, the
test rejects H0 whenever the p-value p = P0(Tn ≤ Tn,obs) is less than or equal to
α.

An immediate consequence of Theorems 3.1 and 3.3 is that the test Ψ is con-
sistent. That is, for any fixed alternative (when X does not follow H0),

P{Ψ = 1) → 1 as n → ∞.

This property remains valid even if P0 is replaced by a consistent estimator of the
null distribution.

3.2 Goodness-of-fit testing for selected distributions

This section focuses on evaluating the proposed method for gof testing within
three specific distribution families and assessing its power against existing tests
for finite sample sizes. For benchmarking purposes, the proposed test is com-
pared with the Hoeffding-Blum-Kiefer-Rosenblatt (HBKR) test, whose test statis-
tic is given in (3.4), as well as with two classical tests, namely the Kolmogorov-
Smirnov (KS) and Cramér-von Mises (CvM) tests, whose corresponding statistics
are given in (3.2) and (3.3), respectively. These tests were selected in order to com-
pare the proposed procedure with methods of different methodological nature. In
particular, the HBKR test is also based on an independence-type characterization,
making it closely related to the proposed approach, while the KS and CvM tests
serve as classical empirical distribution function-based benchmarks.

In general, the null distribution of these test statistics depends on the value
of θ. For this reason, their null distribution is approximated by a parametric
bootstrap procedure, described as follows:
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Algorithm 2 Parametric bootstrap approximation of the null distribution

1: Given the data X1, . . . , Xn, compute the statistic Sn = Sn(X1, . . . , Xn).
2: Compute an estimator θ̂n = θ̂n(X1, . . . , Xn) of the unknown parameter θ ∈ Θ.

3: Generate a bootstrap sample X∗
1 , . . . , X∗

n
iid∼ F(·; θ̂n).

4: Compute the bootstrap statistic S∗
n = Sn(X∗

1 , . . . , X∗
n).

5: Repeat steps 3–4 B times to obtain the empirical distribution of S∗
n conditional

on the observed data.
6: The parametric bootstrap estimates P0(Sn ≤ t) by means of P∗(S∗

n ≤ t) where
P∗ denotes the conditional distribution given X1, . . . , Xn.

The consistency of the parametric bootstrap approximation for KSn and CvMn

was established in Stute et al., 1993. For the HBKR test statistic, the corresponding
result is explicitly stated in Baringhaus and Gaigall, 2015. More precisely, under
suitable regularity assumptions, it is shown there that the conditional distribution
of the bootstrap statistic and the null distribution of the original statistic, evalu-
ated at the almost sure limit of the parameter estimator, converge to the same
limiting distribution. Consequently, if the estimator θ̂n is strongly consistent for
the true parameter value θ under the null hypothesis, the parametric bootstrap
provides a consistent approximation to the null distribution of the statistic. The
consistency of P∗(T∗

n ≤ t) as an estimator of the null distribution of Tn can be
stated analogously, so its proof is omitted.

Having established the asymptotic framework and described the bootstrap
approximation used to obtain critical values, the finite-sample performance of the
proposed test is now investigated. To this end, a variety of parametric families
were considered as alternative distributions, with details provided in Section 3.3.
For each family, several sets of parameter values were selected in order to repre-
sent different distributional shapes.

3.2.1 Family of gamma distributions

As a first example, the gof problem for the gamma family is considered, with
reference to the independence-type characterization stated in Example 8.

Let G denote the nonparametric class of absolutely-continuous distributions
F concentrated on the positive half-line and having a finite second moment∫ ∞

0
x2 dF(x) <∞. (3.14)

Let X1, . . . , Xn be a sample of independent copies of a positive random variable X
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with distribution F ∈ G. The aim is to test whether the underlying distribution F
belongs to the parametric family of gamma distributions. So, the null hypothesis
is given by

H0 : X ∼ Γ(α, β) for some α > 0 and β > 0,

where the density of Γ(α, β) is

f (x; α, λ) =
1

Γ(α)
xα−1e−βxβα, x > 0.

The parameter vector θ = (α, β) is estimated using the method of moments.
The corresponding estimator is given by θ̂n = (X̄2

n/S2
n, X̄n/S2

n), where X̄n and
S2

n represent the sample mean and the sample variance, respectively. These esti-
mators are consistent. Indeed, under condition (3.14), the law of large numbers
yields X̄n

P−→ E(X) = α/β and S2
n

P−→ Var(X) = α/β2. Hence, by the continuous
mapping theorem α̂n

P−→ α and β̂n
P−→ β.

For the numerical study, the alternatives listed in Section 3.3 were considered
under several parameter settings. Table 3.1 presents the empirical sizes and pow-
ers for sample sizes n = 10, 20 and 50, at the significance level α = 0.05. All values
are reported as percentages. The simulation study was based on N = 1000 Monte
Carlo replications, and the bootstrap critical values were obtained from B = 1000
bootstrap samples in each replication. The highest power values are highlighted
in bold.

Since N = 1000, the standard error of an empirical rejection probability is
bounded above by 0.5/

√
1000. Therefore, on the percentage scale, the corre-

sponding margin 1.96 · 0.5/
√

1000 is approximately 3 percentage points. Grey-
shaded cells indicate powers that are within this margin of the largest observed
power, including the maximum itself. Thus, each grey-shaded cell contains either
the maximum power or a value very close to it.

According to the results reported in Table 3.1, the considered tests are gen-
erally well calibrated when the shape parameter of the gamma distribution un-
der the null hypothesis is greater than 1, with empirical sizes close to the nom-
inal significance level. An exception is observed for the Γ(0.5, 1) distribution,
where the classical tests exhibit liberal behavior. To investigate this phenomenon
in more detail, an extended simulation study was conducted and the results are
presented in Table 3.2. This additional study shows that, for the classical tests,
the type I error rate increases as the shape parameter decreases, approaching 1
as the parameter tends to zero. This sensitivity may compromise the reliabil-
ity of power estimates, particularly for alternatives involving small values of the
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estimated shape parameter used in the bootstrap procedure. As a result, the re-
ported power of the classical tests under such conditions should be interpreted
with caution. For this reason, the table also reports the theoretical gamma shape
parameter α0 = (E[X])2/Var(X), obtained by matching the first two moments
with those of the alternative distribution.

n = 10 n = 20 n = 50

Dist. α
0 H
B

K
R

n

T n K
S n

C
vM

n

H
B

K
R

n

T n K
S n

C
vM

n

H
B

K
R

n

T n K
S n

C
vM

n

Γ(5, 1) 5 5 5 5 4 6 5 5 6 5 4 3
Γ(10, 1) 6 6 5 5 6 5 5 4 6 6 5 5
Γ(2, 1) 4 4 5 6 5 4 4 5 5 5 4 4

Γ(0.5, 1) 4 4 13 11 5 4 10 10 5 5 8 8
Γ(2, 2) 4 5 5 4 6 5 6 6 6 6 4 6

IG(1, 0.5) 0.5 19 13 10 8 40 34 25 23 84 81 63 58
IG(0.5, 0.5) 1 12 9 7 7 24 19 17 17 58 53 38 36

IG(1, 2) 2 8 5 6 6 17 13 14 14 33 27 22 25
LFR(1, 2) 1.9 6 9 7 8 10 10 7 9 21 24 13 15
LFR(1, 4) 2.16 7 9 6 8 10 14 8 10 26 28 15 20
W(0.4, 3) 0.1 7 6 13 13 13 10 6 7 35 31 24 22
W(5, 1) 19.06 9 13 9 9 15 18 12 12 40 42 25 30
W(3, 1) 7.57 9 11 8 9 12 14 10 10 29 31 17 20
W(5, 3) 19.06 11 14 8 8 17 20 13 14 43 46 26 32
HN(1) 1.75 6 8 6 8 9 10 8 9 18 20 15 16
U(0, 1) 3 22 28 17 20 54 58 35 46 94 95 75 87
U(1, 2) 27 10 12 8 12 15 20 15 20 44 50 34 53
U(0, 2) 3 25 31 18 23 54 59 32 46 95 96 75 90
B(2, 2) 5 14 18 9 9 28 31 17 23 67 70 41 52

B(0.5, 0.5) 2 41 47 36 45 83 85 68 81 100 100 99 99
B(5, 1) 35 39 45 28 33 76 80 54 66 100 100 92 98
P(3, 20) 15 36 44 26 30 75 77 48 61 99 99 91 98
LG(3, 6) 7.67 20 12 16 19 44 34 33 41 89 86 72 83
LG(2, 3) 1.34 31 20 23 27 68 58 54 60 98 97 92 95

Gomp(1, 0.25) 3.38 16 20 13 14 32 36 18 23 71 74 47 59
Gomp(1, 0.5) 2.58 10 13 11 12 22 25 15 17 51 53 32 41

Table 3.1: Testing goodness-of-fit to the gamma distribution:
Empirical powers (in percentages)

Table 3.1 shows that no single test achieves the highest power across all alter-
natives, meaning there is no uniformly superior test. This aligns with theoretical
results from Janssen, 2000, which state that the global power function of any non-
parametric test remains flat on balls of alternatives, except for those from a finite-
dimensional subspace. In most cases, the tests based on independence character-
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ization demonstrate greater power than the classical tests. The independence-
based tests examined here exhibit comparable power in some cases, while in
other situations notable differences arise. For instance, the HBKR test outper-
forms the newly proposed test under log-gamma and inverse Gaussian alterna-
tives, whereas the proposed test performs better for alternatives with finite sup-
port, such as the beta, uniform and power function distributions.

n = 10 n = 20 n = 50

Dist. H
B

K
R

n

T n K
S n

C
vM

n

H
B

K
R

n

T n K
S n

C
vM

n

H
B

K
R

n

T n K
S n

C
vM

n

Γ(0.2, 1) 3 3 25 26 4 4 17 19 4 4 10 11
Γ(0.4, 1) 4 4 15 14 4 4 9 10 4 4 9 9
Γ(0.6, 1) 4 4 8 8 4 4 8 9 4 4 8 8
Γ(0.8, 1) 4 4 6 6 5 4 7 6 4 4 5 5

Table 3.2: Additional simulations: Empirical sizes (in percentages)

3.2.2 Family of inverse Gaussian distributions

The second testing problem considered in this chapter concerns the family of
inverse Gaussian distributions, whose independence characterization was pre-
sented in Example 9.

Similar to the preceding, let G denote the nonparametric class of absolutely-
continuous distributions F concentrated on the positive half-line such that

∫ ∞

0
x dF(x) < ∞ and

∫ ∞

0

1
x

dF(x) < ∞.

Let X1, . . . , Xn be a sample of independent copies of a positive random variable
X with distribution F ∈ G. The aim is to test whether the underlying distribution
F belongs to the parametric family of inverse Gaussian distributions. So, the null
hypothesis is

H0 : X ∼ IG(µ, λ) for some µ > 0 and λ > 0,

where the density of the inverse Gaussian distribution is given by

f (x; µ, λ) =

(
λ

2πx3

)1/2

exp
{
−λ(x − µ)2

2µ2x

}
, x > 0.
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The parameter vector θ = (µ, λ) is estimated with its maximum likelihood es-

timator θ̂n =
(

X̄n,
(

1
n ∑i

1
Xi

− 1
X̄n

)−1 )
. The alternatives are identical to those

mentioned in the previous subsection. Table 3.3 presents the empirical sizes and
powers (expressed as percentages) for different sample sizes n = 10, 20, 50 at a
significance level of α = 0.05. The results are based on N = 1000 simulation
replications. The quantiles of the bootstrap distributions (critical values) are ob-
tained by Monte Carlo simulation, each based on B = 1000 bootstrap samples.
The meaning of the bold numbers and the grey cells is the same as in the previous
setting.

As shown in Table 3.3, all tests are generally well calibrated. Among the clas-
sical tests, the CvM test outperforms the KS test, while no clear dominance is
observed between the characterization-based tests and CvM. Although CvM ap-
pears to be the most effective overall for larger sample sizes, the performance of
Tn remains competitive for smaller samples, outperforming CvM for a consid-
erable number of alternatives. When comparing characterization-based tests, Tn

performs better than HBKR for small samples.

3.2.3 Standard Cauchy distribution

As the last case considered in this chapter, the gof problem for the standard
Cauchy distribution is examined using the characterization stated in Example 10.

Let X1, . . . , Xn be a sample of independent copies of a real-valued random
variable X. The null hypothesis is

H0 : X ∼ C(0, 1),

where the density of the Cauchy C(µ, σ) distribution is

f (x; µ, σ) =
1

πσ

[
1 +

(
x − µ

σ

)2
]−1

, x ∈ R.

Since the null hypothesis is simple, critical values can be obtained using the stan-
dard Monte Carlo method without bootstrapping. Details of the alternative dis-
tributions are provided in Section 3.3. Table 3.4 presents the results obtained
for sample sizes n = 10, 20, and 50, at the significance level α = 0.05, based
on N = 10000 replications. The interpretation of the bold numbers and grey
cells remains the same as in the previous settings, with the only difference be-
ing that in this case, the grey cells represent those with a power that is at most
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n = 10 n = 20 n = 50

Dist. H
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n
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S n
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n

H
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n

T n K
S n
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n

H
B

K
R

n

T n K
S n

C
vM

n

IG(0.5, 0.5) 6 6 7 8 4 4 7 6 4 4 5 5
IG(0.5, 10) 5 5 7 7 4 5 5 5 5 5 4 5

IG(1, 1) 4 6 5 5 6 5 5 5 4 5 4 3
IG(10, 0.5) 4 4 5 5 5 4 7 6 6 6 5 6

GIG(10, 1, 5) 6 8 7 7 7 9 8 8 10 12 9 10
GIG(10, 10, 5) 4 6 5 4 7 8 6 5 9 10 7 9
GIG(5, 0.1, 5) 6 9 8 8 10 14 12 13 19 21 17 20

Γ(2, 1) 7 12 17 19 18 20 30 31 44 41 55 63
Γ(2, 2) 10 15 16 18 17 21 28 33 40 40 52 61
Γ(5, 1) 6 10 8 8 10 12 12 12 18 19 19 23

Γ(10, 1) 4 7 5 5 6 8 6 7 10 12 9 10
LFR(1, 2) 19 27 36 40 49 49 63 69 89 85 94 96
LFR(1, 4) 15 25 34 40 47 50 62 69 86 83 92 95
W(5, 1) 11 18 14 15 24 27 22 27 61 55 48 59
W(3, 1) 12 21 17 19 27 30 25 29 60 56 56 63
W(5, 3) 10 16 11 13 23 27 22 27 61 58 50 61
HN(1) 6 9 6 7 47 52 64 69 90 87 95 98
U(0, 1) 43 53 49 56 85 82 81 86 100 99 99 100
U(1, 2) 9 18 7 9 20 31 13 17 53 60 35 52
U(0, 2) 44 54 49 56 85 86 80 87 100 99 99 100
SE(1, 1) 16 6 10 12 30 18 18 23 70 55 43 57
B(2, 2) 27 33 24 29 54 50 51 58 92 82 86 94

B(0.5, 0.5) 73 80 78 82 98 98 98 98 100 100 100 100
B(5, 1) 35 46 31 38 82 73 59 74 99 96 97 99
B(2, 5) 13 21 19 21 31 32 33 39 66 59 68 77
P(3, 20) 36 46 32 39 82 73 63 75 99 96 97 99
LG(3, 6) 19 5 13 15 36 12 25 32 75 50 58 70
LG(2, 3) 25 6 18 22 53 23 40 48 89 70 73 87

Gomp(1, 0.25) 27 36 40 43 66 66 70 77 98 95 97 99
Gomp(1, 0.5) 22 33 41 46 61 62 69 76 96 92 98 98

Table 3.3: Testing goodness-of-fit to the inverse Gaussian distribution:
Empirical powers (in percentages)

1.96× 0.5/
√

10000 = 0.01 (approximately 1%) below the highest value (including
the highest itself).

Table 3.4 illustrates that for sample sizes of 10 and 20, the classical tests
have extremely low powers against any unimodal alternatives that are symmet-
ric and sharply concentrated around zero, which are the most plausible alter-
natives to the standard Cauchy distribution. In contrast, characterization-based
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tests demonstrate significantly higher power in these scenarios. For a sample size
of 50, the powers of classical tests are better, yet they remain lower than those
of independence-based tests. By contrast, classical tests are better for detecting
shifts or substantially different shapes, such as uniform. For such alternatives, Tn

performs reasonably well, while HBKR has extremely low power for small sam-
ple sizes. These findings strongly support the use of the novel test for testing the
null standard Cauchy distribution.
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n
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n

C(0, 1) 5 5 5 4 5 6 6 6 6 6 6 6
C(0.5, 1) 3 4 16 15 3 12 27 27 36 54 58 58
C(1.5, 1) 4 14 77 74 14 65 95 92 99 100 100 100
C(0, 0.5) 41 38 5 3 64 57 10 7 94 91 40 40
C(0, 1.5) 1 3 9 9 1 5 12 10 11 23 17 16

t3 22 20 5 4 39 37 4 4 67 62 8 9
t5 29 27 4 3 48 45 4 4 86 82 7 7

N(0, 1) 50 51 6 5 72 71 5 5 98 98 29 35
N(0.5, 1) 23 24 20 19 44 65 46 50 98 100 92 95
N(0, 1.5) 6 7 6 6 11 15 6 5 14 16 6 7
N(0, 2) 2 8 9 7 3 15 10 7 24 37 18 12
Lo(0, 1) 4 5 6 5 5 11 6 5 100 100 100 100
Lo(0, 2) 0 11 20 16 9 34 31 24 82 94 70 64
La(0, 1) 27 26 3 2 49 47 5 3 100 100 100 100

La(0.5, 1) 13 16 19 20 28 50 41 42 88 94 81 84
La(0, 1.5) 6 7 4 5 5 6 5 4 10 12 6 6
La(0, 2) 1 4 10 9 2 8 8 7 10 12 6 6
Gu(0, 1) 22 15 12 13 38 45 28 35 86 92 89 84
NC(0.3) 13 12 4 4 20 16 4 3 42 33 7 6
NC(0.5) 24 23 5 4 37 31 4 3 69 61 12 9

Tu(1) 10 9 3 4 10 8 4 5 16 12 6 5
U(−10, 10) 1 26 5 42 21 74 86 93 100 100 100 100

St(1.5, 0) 8 7 4 4 10 12 5 4 14 15 5 5
St(1.5, 0.5) 9 10 6 6 9 13 7 7 15 17 11 12

Table 3.4: Testing goodness-of-fit to the Cauchy distribution:
Empirical powers (in percentages)
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3.3 The list of alternative distributions

• The generalised inverse Gaussian distribution GIG(α, β, θ), with α, β > 0
and θ ∈ R, has density

(α/β)θ/2

2Kθ(
√

αβ)
xθ−1e−(αx+β/x)/2, x > 0, (3.15)

where Kθ is modified Bessel function of the third kind with index θ.

• The linear failure rate distribution LFR(µ, θ), with µ, θ > 0, has density

(µ + θx)e−µx− 1
2 θx2

, x > 0. (3.16)

• The Weibull distribution W(µ, θ), with µ, θ > 0, has density

µxµ−1

θµ e−( x
θ )

µ
, x > 0. (3.17)

• The half-normal distribution HN(θ), with θ > 0, has density

√
2

θ
√

π
e−

x2

2θ2 , x > 0. (3.18)

• The uniform distribution U(θ1, θ2), with −∞ < θ1 < θ2 < +∞, has density

1
θ2 − θ1

, θ1 < x < θ2. (3.19)

• The shifted exponential distribution SE(µ, θ), with µ ∈ R and θ > 0, has
density

θe−θ(x−µ), x > µ. (3.20)

• The beta distribution B(θ1, θ2), with θ1, θ2 > 0, has density

Γ(θ1 + θ2)

Γ(θ1)Γ(θ2)
xθ1−1(1 − x)θ2−1, 0 < x < 1. (3.21)

• The power function distribution P(µ, θ), with µ, θ > 0, has density

µ
(x

θ

)µ 1
x

, 0 < x < θ. (3.22)
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• The loggamma distribution LG(µ, θ), with µ, θ > 0, has density

θµ

Γ(µ)
(log(x))µ−1

xθ+1 , x > 1. (3.23)

• The Gompertz distribution Gomp(µ, θ), with µ, θ > 0, has density

θeµxe−
θ(eµx−1)

µ , x > 0. (3.24)

• The Cauchy distribution C(µ, σ), with µ ∈ R and σ > 0, has density

1
π

σ

(x − µ)2 + σ2 , x ∈ R. (3.25)

• The normal distribution N(µ, σ2), with µ ∈ R and σ > 0, has density

1√
2πσ2

e−
(x−µ)2

2σ2 , x ∈ R. (3.26)

• The Student t distribution tν, with ν ∈ Z+, has density

Γ
(

ν+1
2

)
√

νπΓ
(

ν
2

) (1 +
x2

ν

)− ν+1
2

, x ∈ R. (3.27)

• The logistic distribution Lo(µ, σ), with µ ∈ R and σ > 0, has density

e−
(x−µ)

σ

σ
(
1 + e−

(x−µ)
σ
)2

, x ∈ R. (3.28)

• The Laplace distribution La(µ, σ), with µ ∈ R and σ > 0, has density

1
2σ

e−
|x−µ|

σ , x ∈ R. (3.29)

• The Gumbel distribution Gu(µ, σ), with µ ∈ R and σ > 0, has density

1
σ

e−
(

x−µ
σ +e−

(x−µ)
σ
)

, x ∈ R. (3.30)

• The standard Gaussian-Cauchy mixture distribution NC(θ), with mixture
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parameter θ ∈ (0, 1), has density

θ
1√
2π

e−
x2
2 + (1 − θ)

1
π(1 + x2)

, x ∈ R. (3.31)

• The Tukey h-distribution Tu(h), with h ≥ 0, is defined as the distribution of
a transformation of a standard normal random variable Z by

Ze
hZ2

2 . (3.32)

• The stable distribution St(α, β), with α ∈ (0, 2] and β ∈ [−1, 1], has charac-
teristic function

g(t) =


exp

(
−|t|α

(
1 − iβ sgn(t) tan

(
απ
2

)))
, α ̸= 1,

exp
(
−|t|

(
1 + 2

π iβ sgn(t) log |t|
))

, α = 1,
t ∈ R.
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Chapter 4

A goodness-of-fit test for the wrapped
normal distribution

Circular data consist of measurements expressed as directions, angles, or posi-
tions on a periodic scale. Unlike linear data, circular measurements have no nat-
ural beginning or end, since the endpoints of the scale coincide. This type of data
naturally occurs in many applied fields, for example, when analyzing directions
of sea currents in oceanography, orientations of plants toward sunlight in envi-
ronmental science, or the times of day at which traffic accidents occur in trans-
portation research. In such cases, the observations are treated more appropriately
as points on a circle than as values on the real line.

The analysis of circular data requires methods that account for their specific
geometric structure. In particular, circular observations are invariant under the
choice of origin, and the distance between two points is determined by the shorter
arc connecting them on the circle. These features distinguish circular data funda-
mentally from linear data and make standard statistical techniques developed for
Euclidean settings generally unsuitable without appropriate modification. Con-
sequently, the study of probabilistic models and statistical procedures tailored to
circular observations forms an important part of directional statistics.

One of the most common ways to obtain circular distributions is to wrap a
real-valued random variable around the circle by means of the modulo 2π trans-
formation. This transformation maps the real line onto the circumference of a
unit circle, resulting in the accumulation of probabilities at points where the line
wraps around the circle multiple times. Among the models developed for circular
data, the wrapped normal distribution occupies an important place as the circular
analog of the normal distribution. It has been used in numerous applied contexts
where observations are naturally represented on a circle. For example, it has been
used to model orientation and heading in periodic state spaces, particularly in
bearing-only sensor scheduling and constrained object tracking on circular man-
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ifolds (see, e.g., Gilitschenski et al. 2013; Kurz et al. 2013). In oceanography, the
wrapped normal distribution is widely used to model wave directions (see, e.g.,
Jona Lasinio et al. 2012), as the underlying variability tends to follow a symmetric
and smooth pattern. Furthermore, in cellular chronobiology, the wrapped normal
distribution is applied to model cellular circadian phases, enabling quantification
of population synchrony and amplitude variability (see, e.g., St. John et al. 2014).
These examples illustrate the practical relevance of the wrapped normal distribu-
tion as a flexible and interpretable model for circular data.

Let Θ be a random variable whose pdf is given by

f (θ) =
1

σ
√

2π

∞

∑
m=−∞

exp
[−(θ − µ + 2πm)2

2σ2

]
, −π ≤ θ, µ < π, σ > 0. (4.1)

Then Θ is said to follow the wrapped normal distribution, denoted by Θ ∼
WN (µ, σ). The main goal of this chapter is to propose a new gof test for the
wrapped normal family. More precisely, let Θ be a circular random variable with
unknown distribution, and let Θ1, . . . , Θn denote i.i.d. observations from the dis-
tribution of Θ. The null hypothesis is

H0 : Θ ∼ WN (µ, σ) for some − π ≤ µ < π and σ > 0,

against the alternative:

H1 : Θ ̸∼ WN (µ, σ) for all − π ≤ µ < π and σ > 0.

One common approach to gof testing involves comparing the edf of the ob-
served data with the parametric cdf specified under the null hypothesis. The
distance between these two functions serves as the basis for various test statis-
tics. For example, the Kuiper and Watson tests (Kuiper 1960; Watson 1961), cir-
cular adaptations of the Kolmogorov-Smirnov and Cramér-von Mises tests, are
obtained by using discrepancy measures adapted to data on the circle rather than
on the real line. Another important approach to gof testing relies on characteristic
functions as a basis for constructing test statistics (see, e.g., Jammalamadaka et al.
2019; García-Portugués et al. 2024). Although gof tests based on independence
characterizations for real-valued distributions have proven effective in detecting
subtle departures from the null hypothesis, often outperforming classical meth-
ods (see, e.g., Milošević and Obradović 2016; Baringhaus and Gaigall 2015; Halaj
et al. 2024), their direct application to circular data remains problematic. The main
difficulty lies in the absence of a natural origin and orientation on the unit circle.
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Consequently, procedures developed for linear data generally do not possess the
rotation and reflection invariance required for meaningful inference in the circu-
lar setting. This leaves an important open direction in gof testing, namely the
development of independence characterization-based procedures that are intrin-
sically suited to circular distributions.

This chapter seeks to fill the identified gap by developing a new gof test for the
wrapped normal distribution, derived from an independence characterization,
demonstrating its potential for circular data analysis. The basis for the proposed
test is given by the following theorem, stated in Rukhin, 1972.

Theorem 4.1. Let Θ1, Θ2 be i.i.d. circular random variables taking values in [0, 2π).
Assume that their common distribution does not coincide with any of its nontrivial
circular shifts and that the distribution of Θ1 +2π Θ2 is absolutely continuous. Then
Θ1 +2π Θ2 and Θ1 −2π Θ2 are independent only if both random variables have wrapped
normal distribution (defined on [0,2π)).

In this theorem, angles are defined on the interval [0, 2π), with their sum and
difference are taken modulo 2π, i.e.,

Θ1 +2π Θ2 =(Θ1 + Θ2) mod 2π,

Θ1 −2π Θ2 =(Θ1 − Θ2) mod 2π.

Since circular observations in this chapter are represented on the interval [−π, π),
the corresponding operations are written in the following equivalent form. For
two circular random variables Θ1 and Θ2 taking values in [−π, π), the operations
+π and −π are expressed as

Θ1 +π Θ2 =
(
(Θ1 + Θ2 + π) mod 2π

)
− π, (4.2)

Θ1 −π Θ2 =
(
(Θ1 − Θ2 + π) mod 2π

)
− π. (4.3)

Thus, both the circular sum and the circular difference are again represented in
the principal interval [−π, π). It is important to note that Theorem 4.1 holds
when these modifications are applied. The assumption that the common distri-
bution differs from all of its nontrivial circular shifts rules out the circular uniform
distribution, which remains unchanged under any circular shift. Before introduc-
ing the test statistic, the relevant characterization is formulated and proved in the
framework used throughout this chapter. For this purpose, let

φΘ(k) := E
(
eikΘ), k ∈ Z,
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denote the circular characteristic function of a circular random variable Θ. The
argument of the circular characteristic function is restricted to the integers be-
cause angles that differ by an integer multiple of 2π represent the same point on
the circle. Indeed, for a real argument t, the mapping θ 7→ eitθ is well defined on
the circle only if

eit(θ+2π) = eitθ

for every θ. This condition is equivalent to

e2πit = 1,

which is satisfied iff t ∈ Z. In particular, the circular characteristic function has
the following properties:

φΘ(0) = 1, |φΘ(k)| ≤ 1, φΘ(−k) = φΘ(k), k ∈ Z.

Moreover, if Θ1 and Θ2 are independent circular random variables, then

φΘ1+πΘ2(k) = φΘ1(k)φΘ2(k), k ∈ Z.

Finally, the sequence
{

φΘ(k) : k ∈ Z
}

uniquely determines the distribution of
Θ. For these and related properties, see, for example, Mardia and Jupp, 2000;
Jammalamadaka and SenGupta, 2001.

Next, the characterization used in the construction of the proposed test is pre-
sented and proved.

Characterization 4.1. Let Θ1 and Θ2 be independent copies of a nondegenerate circular
random variable Θ taking values in [−π, π) such that φΘ(k) ̸= 0, k ∈ Z. Then Θ1 +π

Θ2 and Θ1 −π Θ2 are independent iff Θ follows a wrapped normal distribution defined
in (4.1).

Proof. By the definitions of +π and −π, for every k ∈ Z,

eik(Θ1+πΘ2) = eik(Θ1+Θ2) and eik(Θ1−πΘ2) = eik(Θ1−Θ2), (4.4)

since the modular correction is always an integer multiple of 2π.
Assume first that Θ1 +π Θ2 and Θ1 −π Θ2 are independent. Then, for all k, l ∈

Z, it holds

φΘ1+πΘ2, Θ1−πΘ2(k, l) = φΘ1+πΘ2(k) φΘ1−πΘ2(l).
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Using the relations (4.4) and the fact that Θ1, Θ2 are i.i.d., it follows that

φΘ1+πΘ2, Θ1−πΘ2(k, l) = E
[
eik(Θ1+Θ2)eil(Θ1−Θ2)

]
= E

[
ei(k+l)Θ1ei(k−l)Θ2

]
= φΘ(k + l)φΘ(k − l),

whereas

φΘ1+πΘ2(k) φΘ1−πΘ2(l) = E
[
eik(Θ1+Θ2)

]
E
[
eil(Θ1−Θ2)

]
= φΘ(k)2 φΘ(l)φΘ(−l)

= φΘ(k)2 |φΘ(l)|2.

Hence,
φΘ(k + l)φΘ(k − l) = φΘ(k)2 |φΘ(l)|2, k, l ∈ Z. (4.5)

Write the circular characteristic function in its polar form as

φΘ(k) = rkeiψk , k ∈ Z,

where rk := |φΘ(k)| and ψk := arg(φΘ(k)). Then (4.5) yields

rk+lrk−lei(ψk+l+ψk−l) = r2
kr2

l e2iψk , k, l ∈ Z.

By comparing moduli, one obtains

rk+lrk−l = r2
kr2

l , k, l ∈ Z. (4.6)

Let ak := − log rk, k ∈ Z. Then (4.6) becomes

ak+l + ak−l =2ak + 2al, k, l ∈ Z.

Since r0 = 1, it follows that a0 = 0. Taking into account that the circular charac-
teristic function satisfies the Hermitian relation

φΘ(−k) = φΘ(k), k ∈ Z, (4.7)

it follows that r−k = rk, and hence a−k = ak. Therefore, it is sufficient to determine

79



ak for k ∈ N. Taking l = 1 and arguing by induction, one obtains

ak = k2a1, k ∈ N,

and consequently
rk = rk2

1 , k ∈ N.

Analogously, comparison of the arguments gives

ψk+l + ψk−l ≡ 2ψk (mod 2π), k, l ∈ Z.

Taking l = 1 and using ψ0 = 0, an induction argument yields

ψk ≡ kψ1 (mod 2π), k ∈ N.

Moreover, since the circular characteristic function satisfies the Hermitian relation
(4.7), the corresponding arguments satisfy

ψ−k ≡ −ψk (mod 2π).

Therefore, the same representation extends to all k ∈ Z, that is,

ψk ≡ kψ1 (mod 2π), k ∈ Z.

Therefore,

φΘ(k) = rk2

1 eikψ1 = exp
(
−σ2k2

2
+ ikµ

)
, k ∈ Z,

where µ := ψ1 and σ2 := −2 log r1. This is the characteristic function of the
wrapped normal distribution.

For the converse, assume that Θ1 and Θ2 are i.i.d. wrapped normal random
variables with characteristic function

φΘ(k) = exp
(
−σ2k2

2
+ ikµ

)
, k ∈ Z.

Then, for all k, l ∈ Z,

φΘ1+πΘ2, Θ1−πΘ2(k, l) = φΘ(k + l)φΘ(k − l)

= exp
(
−σ2(k + l)2

2
+ i(k + l)µ

)
exp

(
−σ2(k − l)2

2
+ i(k − l)µ

)
= exp

(
−σ2k2 + 2ikµ

)
exp

(
−σ2l2

)
.
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On the other hand,

φΘ1+πΘ2(k) φΘ1−πΘ2(l) = φΘ(k)2 |φΘ(l)|2

= exp
(
−σ2k2 + 2ikµ

)
exp

(
−σ2l2

)
.

Thus,

φΘ1+πΘ2, Θ1−πΘ2(k, l) = φΘ1+πΘ2(k) φΘ1−πΘ2(l) for all k, l ∈ Z,

which proves that Θ1 +π Θ2 and Θ1 −π Θ2 are independent.

4.1 Construction of the novel test statistic

According to the characterization stated above, under the assumption that the
circular characteristic function of Θ is non-vanishing on Z, a circular random
variable Θ has the wrapped normal distribution WN (µ, σ), for some µ ∈ [−π, π)

and σ > 0, iff
φ(k, l) = φ(k, 0)φ(0, l), k, l ∈ Z,

where
φ(k, l) = E

(
eik(Θ1+πΘ2)+il(Θ1−πΘ2)

)
denotes the joint characteristic function of the random vector (Θ1 +π Θ2, Θ1 −π

Θ2), where Θ1 and Θ2 are i.i.d. copies of Θ. This motivates a test for H0 based
on the discrepancy between the joint empirical characteristic function and the
product of the corresponding marginal empirical characteristic functions.

Let Θ1, . . . , Θn be an i.i.d. sample from the distribution of circular random
variable Θ. The joint V-empirical characteristic function corresponding to the
random vector formed by the circular sum and circular difference is defined by

φn(k, l) =
1
n2

n

∑
j=1

n

∑
r=1

eik(Θj+πΘr)+il(Θj−πΘr), k, l ∈ Z.

Therefore, the proposed test statistic is defined as follows:

Sn,ω = n
∞

∑
k=−∞

∞

∑
l=−∞

|φn(k, l)− φn(k, 0)φn(0, l)|2ω(k, l),

where | · | is a modulus of a complex number and ω : Z2 → (0, ∞) denotes a
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positive weight function that satisfies the condition

∞

∑
k=−∞

∞

∑
l=−∞

ω(k, l) < ∞.

Consider the separable Hilbert space l2
ω(Z

2) of all sequences a : Z2 → C satisfy-
ing

∞

∑
k=−∞

∞

∑
l=−∞

|akl|2ω(k, l) < ∞

with the scalar product and the norm defined by

⟨a, b⟩l2
ω(Z2) =

∞

∑
k=−∞

∞

∑
l=−∞

aklbklω(k, l) and ∥a∥l2
ω(Z2) =

√
⟨a, a⟩l2

ω(Z2),

respectively. With this in mind, the test statistic can be expressed as

Sn,ω = ||Dn||2l2
ω(Z2)

where Dn(k, l) =
√

n(φn(k, l)− φn(k, 0)φn(0, l)). Under the null hypothesis, the
test statistic is expected to take values close to zero. Substantial deviations of Sn,ω

from zero indicate a departure from the null hypothesis, so large values of Sn,ω

provide evidence against it.
Having introduced the test statistic, the next step is to investigate its large-

sample behavior under the null hypothesis.

4.2 Asymptotic properties

Theorem 4.2 (Halaj, 2025). Under the null hypothesis, if the weight function ω is
positive and

∞

∑
k=−∞

∞

∑
l=−∞

ω(k, l) < ∞, (4.8)

then there exists a centered Gaussian element G ∈ l2
ω(Z

2) with covariance kernel

KG((k1, l1), (k2, l2); σ) = EΓ(Θ; k1, l1, σ)Γ(Θ; k2, l2, σ),

where Γ(θ; k, l, σ) = 4Φ(R)
1 (θ; k, l, σ) + 4iΦ(I)

1 (θ; k, l, σ), Φ(R)
1 is defined as

Φ(R)
1 (θ; k, l,σ)=

1
4

E
(

cos(s(θ +π Θ2) + t(θ −π Θ2)) + cos(s(Θ2 +π θ) + t(Θ2 −π θ))
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−2 cos(s(θ +π Θ2) + t(Θ3 −π Θ4))− cos(s(Θ2 +π Θ3) + t(θ −π Θ4))

+2 cos(s(Θ2 +π Θ3) + t(Θ2 −π Θ3))− cos(s(Θ2 +π Θ3) + t(Θ4 −π θ))
)

,

and Φ(I)
1 is defined analogously using the sine function. Then it holds that

Sn,ω
D−−−→

n→∞
∥G∥2

l2
ω(Z2)

.

Proof. Since the test statistic Sn,ω can be represented as Sn,ω = ||Dn||2l2
ω(Z2)

where

Dn(k, l) =
√

n(φn(k, l)− φn(k, 0)φn(0, l)).

it is convenient to rewrite Dn in the following form

Dn(k, l) =
√

n
n4

n

∑
i1=1

n

∑
i2=1

n

∑
i3=1

n

∑
i4=1

(
cos(k(Θi1 +π Θi2) + l(Θi1 −π Θi2))

+i sin(k(Θi1 +π Θi2) + l(Θi1 −π Θi2))

−(cos(k(Θi1 +π Θi2)) + i sin(k(Θi1 +π Θi2)))

×(cos(l(Θi3 −π Θi4)) + i sin(l(Θi3 −π Θi4)))
)

=
√

n
( 1

n4

n

∑
i1=1

n

∑
i2=1

n

∑
i3=1

n

∑
i4=1

(Φ(R)(Θi1 , Θi2 , Θi3 , Θi4 ; k, l)

+iΦ(I)(Θi1 , Θi2 , Θi3 , Θi4 ; k, l)
)

where

Φ(R)(θi1 , θi2 , θi3 , θi4 ; k, l) = cos(k(θi1 +π θi2) + l(θi1 −π θi2))

− cos(k(θi1 +π θi2)) cos(l(θi3 −π θi4))

+ sin(k(θi1 +π θi2)) sin(l(θi3 −π θi4))

= cos(k(θi1 +π θi2) + l(θi1 −π θi2))

− cos(k(θi1 +π θi2) + l(θi3 −π θi4))

and similarly

Φ(I)(θi1 , θi2 , θi3 , θi4 ; k, l) = sin(k(θi1 +π θi2) + l(θi1 −π θi2))

− sin(k(θi1 +π θi2) + l(θi3 −π θi4)).

Since Φ(R) and Φ(I) are not symmetric, appropriate symmetrized kernels will be
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considered

Φ(R)
s (θi1 , θi2 , θi3 , θi4 ; k, l) =

1
4! ∑

π∈Π(4)
Φ(R)(θπ(i1), θπ(i2), θπ(i3), θπ(i4); k, l)

and

Φ(I)
s (θi1 , θi2 , θi3 , θi4 ; k, l) =

1
4! ∑

π∈Π(4)
Φ(I)(θπ(i1), θπ(i2), θπ(i3), θπ(i4); k, l).

where Π(4) is the set of all permutations of the set {i1, i2, i3, i4}.
Using the Hoeffding representations for V-statistics, one obtains

Dn(k, l)=
√

n

(
4
n

n

∑
i=1

Φ(R)
1 (Θi1 ; k, l, σ)+r1n(k, l)+ i

( 4
n

n

∑
i=1

Φ(I)
1 (Θi1 ; k, l, σ)+r2n(k, l)

))

where |r1n(k, l)+ ir2n(k, l)| = oP(
1√
n ) and Φ(R)

1 (θ; k, l, σ) and Φ(I)
1 (θ; k, l, σ) are the

first projections of the kernels Φ(R)
s and Φ(I)

s , respectively, equal to

Φ(R)
1 (θ; k, l, σ)=

1
4

E
(

cos(k(θ +π Θ2)+l(θ −π Θ2))− 2 cos(k(θ +π Θ2)+l(Θ3 −π Θ4))

+ cos(k(Θ2 +π θ) + l(Θ2 −π θ)) + 2 cos(k(Θ2 +π Θ3) + l(Θ2 −π Θ3))

− cos(k(Θ2 +π Θ3) + l(θ −π Θ4))− cos(k(Θ2 +π Θ3) + l(Θ4 −π θ))
)

and

Φ(I)
1 (θ; k, l, σ)=

1
4

E
(

sin(k(θ +π Θ2)+l(θ −π Θ2))−2 sin(k(θ +π Θ2)+l(Θ3 −π Θ4))

+ sin(k(Θ2 +π θ) + l(Θ2 −π θ)) + 2 sin(k(Θ2 +π Θ3) + l(Θ2 −π Θ3))

− sin(k(Θ2 +π Θ3) + l(θ −π Θ4))− sin(k(Θ2 +π Θ3) + l(Θ4 −π θ))
)

.

It has been numerically shown that these projections are nonconstant func-
tions. The first projections corresponding to several values of the parameter σ are
displayed in Figures 4.1 and 4.2.
Hence,

Dn(k, l) =
1√
n

n

∑
i=1

Γ(Θi1 ; k, l, σ) +
√

n(r1n(k, l) + ir2n(k, l))

where Γ(θi1 ; k, l, σ) = 4Φ(R)
1 (θi1 ; k, l, σ) + 4iΦ(I)

1 (θi1 ; k, l, σ). Under the null
hypothesis, the expectation of both kernels equals zero, which implies that
EΓ(Θ1; k, l, σ) = 0. Since the functions Φ(R)

1 and Φ(I)
1 are uniformly bounded,
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Figure 4.1: The first projection Φ(R)
1 for σ = 0.2, 0.5 and 0.8 (from left to right)

Figure 4.2: The first projection Φ(I)
1 for σ = 0.2, 0.5 and 0.8 (from left to right)

there exists a constant C > 0 such that

E|Γ(Θ1; k, l, σ)|2 ≤ C, (k, l) ∈ Z2.

Therefore, using the Tonelli theorem and the condition (4.8), it holds

E∥Γ(Θ1; ·, ·, σ)∥2
l2
ω(Z2)

=
∞

∑
k,l=−∞

E|Γ(Θ1; k, l, σ)|2ω(k, l) ≤ C
∞

∑
k,l=−∞

ω(k, l) < ∞.

Now, applying the central limit theorem in Hilbert spaces, it follows that the lim-
iting process is a centered Gaussian process with a specified covariance kernel

KG((k1, l1), (k2, l2); σ) = EΓ(Θ1; k1, l1, σ)Γ(Θ1; k2, l2, σ). (4.9)

The statement of the theorem is an immediate consequence of the continuous
mapping theorem.

Theorem 4.3 (Halaj, 2025). Assume that the positive weight function ω satisfies

∞

∑
k=−∞

∞

∑
l=−∞

ω(k, l) < ∞.
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Then it holds,

Sn,ω

n
a.s.−−−→

n→∞
S :=

∞

∑
k=−∞

∞

∑
l=−∞

|φ(k, l)− φ(k, 0)φ(0, l)|2ω(k, l).

Moreover, S is strictly positive whenever Θ1 +π Θ2 and Θ1 −π Θ2 are dependent. Conse-
quently, the test that rejects H0 for sufficiently large values of Sn,ω is strongly consistent
against all fixed alternatives for which this dependence holds.

Proof. According to the strong law of large numbers, for every (k, l) ∈ Z2, the
joint and marginal empirical characteristic functions converge almost surely to
their corresponding theoretical characteristic functions. Using the fact that

|φn(k, l)− φn(k, 0)φn(0, l)|2 ≤ 4, k, l ∈ Z

together with the summability of ω over Z2, the statement of the theorem follows
by applying Lebesgue’s dominated convergence theorem.

4.3 Power study

In this section, the performance of the proposed test through an extensive power
comparison is examined. Two scenarios are considered: testing the hypothesis for
a wrapped normal distribution centered at zero, and a more general case with-
out restrictions. In both settings, the power of Sn,ω is analyzed using the weight
function defined below.

Following the approach outlined in García-Portugués et al., 2024, a weight
function decomposed as ω(k, l) = f (k) f (l) is considered. Here, f is a symmetric
function about zero. The proposed weight function is particularly convenient,
since it leads to a closed-form expression for the test statistic. With this choice,
Sn,ω can be rewritten as

Sn,ω =
1
n3 ∑

ij=1,...,n
j∈I4

J( f ) (Θi1 +π Θi2 − (Θi3 +π Θi4)
)

J( f ) (Θi1 −π Θi2 − (Θi3 −π Θi4)
)

+
1
n7 ∑

ij=1,...,n
j∈I8

J( f ) (Θi1 +π Θi2 − (Θi3 +π Θi4)
)

J( f ) (Θi5 −π Θi6 − (Θi7 −π Θi8)
)

− 2
n5 ∑

ij=1,...,n
j∈I6

J( f ) (Θi1 +π Θi2 − (Θi3 +π Θi4)
)

J( f ) (Θi1 −π Θi2 − (Θi5 −π Θi6)
)

,
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where Ik = {1, · · · , k} and

J( f )(x) :=
∞

∑
k=−∞

cos(kx) f (k). (4.10)

v (4.10) is the real part of its characteristic function evaluated at x and is equal to

J( f )(x) = cos(λ sin x)eλ(cos x−1). (4.11)

Under this setting, the analysis is performed for λ ∈ {0.1, 0.5, 1, 2}. In the sequel,
the corresponding test statistic will be denoted by Sn,λ.
For comparison purposes, the following competing tests are included in the
study:

• Kuiper test with the test statistic

Kn = max
1≤j≤n

{
U(j) −

j − 1
n

}
+ max

1≤j≤n

{ j
n
− U(j)

}
where U(j) are order statistics of Uj = F(θj; µ̂n, σ̂n) and F(·; µ̂n, σ̂n) is the
distribution function of WN (µ̂n, σ̂n);

• Watson test with the test statistic

Wn =
1

12n
+

n

∑
j=1

((
U(j) −

2j − 1
2n

)
−
(

U − 1
2

))2
,

where U(j) are order statistics of Uj = F(θj; µ̂n, σ̂n), U = 1
n

n
∑

j=1
Uj and

F(·; µ̂n, σ̂n) is defined as above;

• Test statistic proposed in Jammalamadaka et al., 2019

Cn,λ = n
∞

∑
r=0

(
φn(r)− φ(r; β̂n)

)2
p(r; λ).

Here, p(·; λ) represents pmf of the Poisson distribution with mean λ. In
Jammalamadaka et al., 2019, λ = 0.5 was identified as the optimal value for
testing gof to the von Mises distribution. Although similar behaviour may
be expected when testing gof to the wrapped normal distribution, several
values of λ are considered to determine whether the same choice remains
appropriate in this context. The terms φn(·) and φ(· ; β̂n) denote the em-
pirical distribution function based on the observed sample and theoretical
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characteristic functions of the wrapped normal distribution, respectively,
where β̂n represents the mle of the parameter vector β = (µ, σ).

Since test statistics are not distribution-free, both empirical sizes and powers are
approximated using the warp-speed bootstrap algorithm presented in Giacomini
et al., 2013 with N = 5000 replications. The simulation study is conducted for
sample sizes n = 20 and n = 50, under the following alternative models:

• a circular uniform distribution U [−π, π)

f (θ) =
1

2π
, −π ≤ θ < π;

• a wrapped Cauchy distribution WC(µ, ρ)

f (θ) =
1

2π

1 − ρ2

1 + ρ2 − 2ρ cos(θ − µ)
, −π ≤ θ, µ < π, 0 < ρ < 1;

• a von Mises distribution VM(µ, k)

f (θ) =
1

2π I0(k)
ek cos(θ−µ), − π ≤ θ, µ < π, k > 0;

where

I0(k) =
∞

∑
i=0

1
(i!)2

(
k
2

)2i

is the modified Bessel function of the first kind;

• a Cartwright’s power-of-cosine distribution CW(µ, ζ)

f (θ) =
2

1
ζ −1Γ2

(
1
ζ + 1

)
(1 + cos(θ − µ))

1
ζ

πΓ
(

2
ζ + 1

) , −π ≤ θ, µ < π, ζ > 0,

where Γ(·) is the gamma function;

• a Jones-Pewsey distribution J P(µ, κ, ψ)

f (θ) =
(cosh(κψ) + sinh(κψ) cos(θ − µ))

1
ψ

2πP1
ψ
(cosh(κψ))

, −π ≤ θ, µ < π, κ ≥ 0, ψ ∈ R,

where
P1

ψ
(x) =

1
π

∫ π

0

(
x +

√
x2 − 1 cos t

)1/ψ
dt, x ≥ 1,

88



is the associated Legendre function of the first kind with degree 1
ψ and order

0;

• a Batschelet distribution Ba(µ, κ, ν)

f (θ) =
1

B0(κ, ν)
eκ cos((θ−µ)+ν sin(θ−µ)), −π ≤ θ, µ < π, κ ≥ 0, −1 ≤ ν ≤ 1,

where
Bp(κ, ν) =

∫ 2π

0
cos(pθ)eκ cos(θ+ν sin θ)dθ, p = 0, 1, ...

• a wrapped α-stable distribution WS(µ, τ, α, β)

f (θ)=
1

2π
+

∞

∑
k=1

e−ταkα

π
cos
(

k(θ − µ)−ταkαβ tan
πα

2

)
, −π ≤ θ, µ < π,

with α ∈ (0, 1) ∪ (1, 2], τ ≥ 0 and |β| ≤ 1;

• a mixture of two wrapped normal distributions

pWN (µ1, σ1) + (1 − p)WN (µ2, σ2), p ∈ (0, 1);

• a mixture of two von Mises distributions

pVM(µ1, κ1) + (1 − p)VM(µ2, κ2), p ∈ (0, 1).

In the simulations, the following notation is used.

Notation Mixture

WN M1(p) pWN (0, 0.2) + (1 − p)WN (0, 0.8)
WN M2(p) pWN (0, 0.2) + (1 − p)WN (0, 2)
WN M3(p) pWN (−π, 0.2) + (1 − p)WN (π

2 , 0.8)
VMM1(p) pVM(0, 0.5) + (1 − p)VM(0, 5)
VMM2(p) pVM(0, 1) + (1 − p)VM(0, 5)
VMM3(p) pVM(−π, 5) + (1 − p)VM(π

2 , 5)
VMM4(p) pVM(−π, 3) + (1 − p)VM(0.62π, 3)
VMM5(p) pVM(−π, 8) + (1 − p)VM(−π, 0.1)

For all other distributions that are not mixtures, alternatives with the location
parameter fixed at 0 were employed in Tables 4.1 and 4.4. Accordingly, the
location parameter µ has been omitted from the notation.
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4.3.1 The first case

This subsection focuses on testing the null hypothesis for the wrapped normal
distribution, where the distribution is assumed to be centered at zero, i.e.:

H0 : Θ ∼ WN (0, σ), for some σ > 0,

against the alternative:

H1 : Θ ̸∼ WN (0, σ) for all σ > 0.

To evaluate the finite-sample behavior of the test in this setting, empirical power
values are obtained using the warp-speed bootstrap procedure described below.

Algorithm 3 Warp-speed bootstrap algorithm

1: Generate a random sample Θ1, Θ2, . . . , Θn from the alternative distribution F;
2: Calculate the estimate σ̂n of unknown parameter σ and value of the test statis-

tic Tn = Tn(θ1, θ2, ...θn; σ̂n) based on the observed sample;
3: Generate a bootstrap sample Θ∗

1 , Θ∗
2 , ..., Θ∗

n where each Θ∗
i ∼ WN (0, σ̂n);

4: Using the observed sample (θ∗1 , . . . , θ∗n), calculate the bootstrap estimate σ̂∗
n of

the parameter σ;
5: Compute the value of the bootstrap test statistic T∗

n = Tn(θ∗1 , θ∗2 , ..., θ∗n; σ̂∗
n);

6: Repeat the previous steps N times to generate two separate sequences of test
statistics: {T(1)

n , T(2)
n , ..., T(N)

n } and {T∗(1)
n , T∗(2)

n , ..., T∗(N)
n };

7: Reject the null hypothesis for j = 1, ..., N if T(j)
n > cα, where cα denotes the

(1 − α)100% quantile of the empirical distribution of the bootstrap test statis-
tics (T∗(j)

n , j = 1, ..., N).

The estimation of σ will be based on the maximum likelihood estimator; fur-
ther details are provided in Subsection 4.3.2. The percentages of empirical sizes
(shown in the first four rows) and empirical powers are presented in Table 4.1.
The highest powers are highlighted in bold for emphasis. The calculations are
based on N = 5000 replications. As a result, the standard error for the empiri-
cal powers is not greater than 0.5/

√
5000. According to Halaj et al., 2024, gray-

shaded cells represent power percentages within 1.96 × 0.5/
√

5000 · 100% = 1%
of the maximum value, including the maximum itself.

Regarding the significance level, all tests are well-calibrated. The results fur-
ther reveal that no single testing procedure consistently attains the highest power
across all considered alternatives, which is in accordance with the findings re-
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ported in Janssen, 2000. For the newly proposed test, the power remains compa-
rable across different values of λ, except at λ = 2, where a substantial decline
in power is observed. This tendency is consistent with the results of García-
Portugués et al., 2024. A natural explanation is that, when λ = 2, the function
(4.11) is not everywhere non-negative. Consequently, positive and negative pair-
wise contributions may partially offset each other, leading to a loss of sensitivity
and, hence, lower power. On the other hand, tests Kn and Wn have similar power
and typically outperform Cn,λ for almost all alternatives. Overall, the new test
performs competitively compared to the other proposed tests.

Although the circular uniform alternative is formally excluded by the charac-
terization assumptions, it was included in the simulation study to examine the
behavior of the tests in this boundary case. Under circular uniformity, the cir-
cular sum and circular difference are also independent, and hence the proposed
test statistics do not exhibit a systematic departure from their null behavior. Con-
sequently, the empirical powers are close to the nominal significance level. The
same pattern is observed for the competing tests. From another perspective, this
behavior is natural, since the circular uniform distribution represents a degener-
ate limiting case of the wrapped normal distribution as σ → ∞.

On the other hand, since the von Mises and von Mises-related alternatives are
close to the wrapped normal distribution, deviations from wrapped normality
are more difficult to detect, leading to generally lower empirical powers. This
suggests that these distributions are more challenging to distinguish from the
null hypothesis in such scenarios. To further explore this issue, power results for
larger sample sizes are included for two illustrative parameter settings, showing
which sample size is sufficient to achieve reasonable statistical power. The results
presented in Table 4.2 indicate that a sample size of approximately n = 100 is
generally sufficient to achieve adequate power.

Alt. n Sn,0.1 Sn,0.5 Sn,1 Sn,2 Kn Wn Cn,0.1 Cn,0.5 Cn,1 Cn,2
VM(1) 70 10 10 9 7 7 7 5 5 7 8

80 11 11 10 8 7 8 4 5 7 8
100 14 14 12 9 10 9 5 7 10 11
150 17 17 17 11 11 11 5 8 11 13

VM(2) 70 16 13 10 6 11 11 5 7 9 11
80 17 14 11 6 13 13 5 7 10 12

100 23 18 14 8 14 14 5 8 12 15
150 30 25 17 10 19 20 5 10 17 20

Table 4.2: Empirical powers (expressed as a percentage) for larger sample sizes
against von Mises alternative at α = 0.05 (The first case: µ = 0 (known))
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4.3.2 The second case

In this subsection, the general case of testing the null hypothesis:

H0 : Θ ∼ WN (µ, σ), for some − π ≤ µ < π, σ > 0,

against the alternative hypothesis:

H1 : Θ ̸∼ WN (µ, σ), for all − π ≤ µ < π, σ > 0

is considered. The warp-speed bootstrap procedure closely follows the approach
proposed in the first case. In steps 2 and 4, an additional estimate µ̂n and a
bootstrap estimate µ̂∗

n of the parameter µ are calculated, respectively. In step
3, a bootstrap sample is generated from the WN (µ̂n, σ̂n) distribution. Param-
eter estimation is performed using the algorithm implemented in the function
mle.wrappednormal from the R package circular (Agostinelli and Lund,
2022). This algorithm employs an iterative reweighted maximum likelihood
(IRML) procedure (Agostinelli, 2007) to compute the mle. The initial values are
derived from estimates obtained via the method of moments:

µ0 = atan2

(
n

∑
i=1

sin(θi),
n

∑
i=1

cos(θi)

)
and σ0 =

√
−2 log R,

where R is the resultant length

R =

√√√√( 1
n

n

∑
i=1

cos(θi)

)2

+

(
1
n

n

∑
i=1

sin(θi)

)2

.

It is worth noting that the mle µ̂n of the parameter µ exhibits equivariance,
whereas the mle σ̂n of the parameter σ remains invariant under operations (4.2)
and (4.3). Consequently, when the data are centered as θ′j = θj −π µ̂n for
j = 1, . . . , n, the distribution of any test statistic that depends on µ̂n through θ′j
will be unaffected by the particular value of µ. Thus, without loss of generality, it
is assumed that µ = 0.

The results reported in Table 4.4 indicate that the tests remain well calibrated
in this setting. Their overall performance is similar to that observed in the first
case. Among the different choices of the parameter λ for test statistic Sn,λ, the
case λ = 2 again yields the lowest power, which further supports its less favor-
able behavior. By contrast, the Cn,λ test demonstrates improved performance, at-
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taining powers comparable to those of the newly proposed test in most cases and
outperforming it under some alternatives. Moreover, consistent with the find-
ings reported in Jammalamadaka et al., 2019 concerning gof testing for the von
Mises distribution, the results obtained here indicate that λ = 0.5 provides the
best overall performance in the present setting. Nevertheless, the proposed test
performs consistently well across a broad range of alternatives and remains com-
petitive. Under the circular uniform alternative, it exhibits the same behavior as
in the previous case. In the same manner, Table 4.3 reports the powers of the tests
for larger sample sizes under von Mises alternatives. Although departures from
the null hypothesis can already be detected at smaller sample sizes, the choice
n = 100 yields more stable and reliable results over a wider range of parameter
values.

Alt. n Sn,0.1 Sn,0.5 Sn,1 Sn,2 Kn Wn Cn,0.1 Cn,0.5 Cn,1 Cn,2
VM(1) 70 11 11 11 7 9 10 11 11 11 10

80 11 11 11 8 10 11 12 12 11 10
100 13 12 12 9 11 11 13 13 12 11
150 18 18 18 13 16 17 18 19 19 16

VM(2) 70 16 14 11 7 14 15 20 20 19 15
80 18 15 12 7 16 17 23 23 21 17

100 20 18 13 9 18 20 25 26 23 18
150 32 28 20 10 27 28 35 38 36 28

Table 4.3: Empirical powers (expressed as a percentage) for larger sample sizes
against von Mises alternative at α = 0.05 (The second case: unknown µ)

An important issue in the practical implementation of the proposed Sn,λ test
is the choice of the tuning parameter λ. A reasonable default is λ = 1, since the
corresponding test statistic exhibits stable and balanced performance across all
scenarios considered. Alternatively, λ may be selected by means of a data-driven
procedure (see, e.g., Allison and Santana 2015; Tenreiro 2019).
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Chapter 5

A new approach to goodness-of-fit
testing based on linear combinations
of degenerate V-statistics

In nonparametric statistics, no test achieves uniformly superior performance
across all possible alternatives. The sensitivity of each test depends on the spe-
cific form of the alternative, so a method that is powerful in one context may be
less effective in another (see, e.g., Janssen, 2000). Although many nonparametric
tests are omnibus, ensuring consistency against any deviation from the null hy-
pothesis, their power in finite samples can vary substantially, which may affect
the reliability of empirical results.

To overcome this limitation, researchers often conduct multiple tests on the
same dataset to assess the same null hypothesis. One common strategy is to com-
bine the resulting p-values of individual tests, as originally proposed in Fisher’s
method (Fisher, 1934). Numerous extensions and modifications of this approach
have been developed (see, e.g., Van Zwet and Oosterhoff, 1967; Loughin, 2004).
Although these techniques are effective when tests are independent, their accu-
racy tends to decline when tests are correlated. Several approaches to this prob-
lem have been proposed in the literature, including those in Yu et al., 2009 and
Sexton et al., 2012.

Many test statistics represent specific instances within a broader family of
statistics characterized by certain tuning parameters. In these contexts, data-
driven methods are commonly employed to select parameters that optimize test
power (Allison and Santana, 2015; Tenreiro, 2019; Fernández-de-Marcos and
García-Portugués, 2023). However, such approaches are often computationally
intensive and impractical for real-world applications. In addition, such proce-
dures are usually developed in settings where the null distribution of the under-
lying test statistic is parameter-free or where the required critical values can be
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precomputed for each tuning parameter. When the null distribution depends on
unknown parameters, these critical values must instead be approximated for the
estimated parameter values, which may considerably increase the computational
burden in practical applications.

An alternative perspective focuses on combining the test statistics themselves.
For example, Doksum and Thompson, 1971 introduced optimal linear combina-
tions of sign and Wilcoxon tests to enhance sensitivity for location and symmetry
testing. The efficiency and performance of such combined symmetry tests were
later investigated in Burgio and Nikitin, 2001 and Burgio and Nikitin, 2003. Simi-
larly, Deshpande and Kochar, 1983 analyzed linear combinations of exponential-
ity tests designed to detect “new better than used” alternatives. These types of
test statistics are related to nondegenerate U- or V-statistics, which are known to
be asymptotically normal under the null hypothesis. In contrast, many gof tests,
especially those based on L2-type distance measures, correspond to degenerate
V-statistics, sometimes involving estimated parameters.

In Section 1.2.2, a general linear combination of weakly degenerate V-statistics
was considered. The limiting null distribution was established under different
parameter settings. These include the case without parameter estimation, the case
in which the components depend on estimated parameters, and the mixed case
where only some components involve estimated parameters. The present chapter
focuses on the choice of weights, with particular emphasis on the case in which
each component is weighted by the inverse of its corresponding null standard
deviation. This weighting scheme ensures that all components contribute on a
comparable scale, thereby avoiding dominance by any individual statistic due
solely to differences in variability or measurement units.

The proposed approach is designed for implementation in two main settings:

• Tuning parameter adjustment: Certain test statistics depend on a tuning pa-
rameter (e.g., in weighted L2-distance tests), which determines the sensitiv-
ity of the test to different types of alternatives. Although simulation studies
often suggest a recommended tuning parameter, such a choice may favor
particular alternatives while reducing power against others. The proposed
combination procedure reduces the influence of a single parameter choice
by incorporating test statistics corresponding to several parameter values.

• Complementary power properties: In some cases, two test statistics exhibit
complementary power behavior, where one statistic has lower power
against certain alternatives, while another performs better against the same
alternatives. Combining such statistics can offset individual weaknesses
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and lead to a composite test with more stable power across a wider range
of alternatives.

5.1 Weight selection

Let X1, . . . , Xn be an i.i.d. sample with distribution F and support S ⊆ Rd. Let

F = {F(·; λ), λ ∈ Λ}

be a parametric family of distribution functions, where λ is an unknown param-
eter and Λ ⊆ Rp is the corresponding parameter space. The problem of interest
is to test the null hypothesis

H0 : F ∈ F

against the alternative
H1 : F /∈ F .

Consider a collection of gof test statistics T1
n , . . . , Tk

n, each of which can be repre-
sented as a weakly degenerate V-statistic. The proposed procedure constructs a
combined statistic as a weighted linear combination of these components, with
weights inversely proportional to their limiting or exact standard deviations un-
der the null hypothesis. The precise form of the weights depends on whether
the null distribution of the corresponding component statistic is invariant with
respect to the parameter λ.

Therefore, the construction is considered separately in two cases:

(i) If the null distribution of Ti
n, i = 1, . . . , k, is free of λ, the combined statistic

is constructed as

Ln =
k

∑
i=1

Ti
n

σi
0

, σi
0 =

√
VarH0(nTi

n).

In practice, the quantities VarH0(nTi
n) are usually not available in closed

form and therefore have to be approximated. One possibility is to estimate
them by a Monte Carlo procedure for each fixed sample size n. Another pos-
sibility is to use the variance of the limiting statistic, either computed from
(1.14) or approximated by Monte Carlo simulation. Since the eigenvalues
of the corresponding integral operator often decrease rapidly, the series in
(1.14) can usually be truncated after a relatively small number of dominant
terms.
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Moreover, in many cases the largest eigenvalue accounts for a substantial
part of the total variance. This motivates the alternative combined statistic

L̃n =
k

∑
i=1

Ti
n

νi
1

,

where νi
1 denotes the largest eigenvalue of the integral operator associated

with the limiting distribution of nTi
n. Although the exact computation of

this eigenvalue may be difficult, it can be efficiently approximated (see, e.g.,
Ebner et al. 2025 for further details).

(ii) The parameter-dependent case arises when the null distribution of at least
one statistic Ti

n, i = 1, . . . , k, depends on the unknown parameter λ. Thus,
the corresponding standard deviation has to be treated as a parameter-
dependent quantity, denoted by σi

0(λ). If an explicit expression for σi
0(λ) is

available, the natural choice is to use the weight 1/σi
0(λ̂n), where λ̂n is a con-

sistent estimator of λ. When such a closed-form expression is not available,
σi

0(λ̂n) may be approximated by bootstrap methods. Since, in this setting,
the null distribution of the combined statistic Ln also depends on λ, resam-
pling techniques, such as the bootstrap, are also needed for the calculation
of p-values. To avoid the computational burden of a nested bootstrap pro-
cedure, one may first evaluate σi

0(λ) on a grid of parameter values and then
approximate the required value σi

0(λ̂) by interpolation. For those statistics
Ti

n whose null distributions are independent of λ, the weights described in
case (i) are retained.

Remark 5.1. In case (ii), the weights are functions of λ̂n and hence are random, so
Theorem 1.12 is not directly applicable. However, if λ̂n is a consistent estimator of λ

under the null hypothesis and the mapping λ 7→ σi
0(λ) is continuous and strictly positive

at the true parameter value, then

σi
0(λ̂n)

P−−−→
n→∞

σi
0(λ).

Since the limiting distribution still depends on λ, practical implementation requires a
bootstrap or another appropriate approximation method to obtain critical values and p-
values.
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5.2 Applications to different testing problems

This section has two main objectives. The first is to show how linear combinations
of test statistics across different tuning parameters can serve as an alternative
to data-dependent parameter selection. The second is to demonstrate how the
same idea can be applied to combine different, yet complementary, classes of
test statistics, thereby obtaining a compromise test with satisfactory performance
against a broader class of alternatives.

To provide a basis for comparison with the proposed test, the data-dependent
procedure of Tenreiro 2019 for selecting the tuning parameter is presented below.

Algorithm 4 Automatic selection of the smoothing parameter

1: Consider a finite set of candidate smoothing parameters Λ = {λ1, . . . , λK}.
2: Generate B independent samples of size n from the null distribution.
3: For each Monte Carlo sample b = 1, . . . , B and each λ ∈ Λ, compute the

statistic T(b)
n,λ.

4: Choose a regular grid Gp = {p, 2p, 3p, . . .} ∩ (0, 1), where 0 < p ≤ α/K.
5: For each λ ∈ Λ and each u ∈ Gp, estimate the critical value cn,λ(u) as the

empirical (1 − u)-quantile of T(1)
n,λ, . . . , T(B)

n,λ .
6: For each u ∈ Gp, estimate ψλ(u) = P (Tn,λu > cn,λu(u)) by

ψ̂λ̄(u) =
1
B

B

∑
b=1

1
{

T(b)

n,λ̄(b)
u

> c
n,λ̄(b)

u
(u)
}

,

where λ̄
(b)
u is defined by

λ̄
(b)
u = arg max

λ∈Λ

(
T(b)

n,λ − cn,λ(u)
)

.

7: Choose
uλ̄

n,α,p = max
{

u ∈ Gp : ψ̂λ̄(u) ≤ α
}

.

8: For the observed sample, compute Tobs
n,λ , λ ∈ Λ.

9: Select the smoothing parameter

λ̂ = arg max
λ∈Λ

(
Tobs

n,λ − cn,λ(uλ̄
n,α,p)

)
.

The flexibility of the proposed approaches is illustrated through simulation
examples from linear and directional settings, covering real-valued univariate
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and multivariate distributions, as well as circular and spherical distributions.
Throughout the power study, the significance level is fixed at α = 0.05.

5.2.1 Testing exponentiality

Let X1, . . . , Xn be an i.i.d. sample from a non-negative random variable whose
distribution function F is unknown. The problem considered here is testing
whether the sample comes from an exponential distribution with density

f (x; λ) = λe−λx, x ≥ 0, λ > 0,

namely

H0 : X1 ∼ E(λ) for some λ > 0,

against the alternative that no exponential distribution provides the underlying
model,

H1 : X1 ̸∼ E(λ) for all λ > 0.

Testing exponentiality is a classical problem in gof testing, and a wide range of
procedures has been developed for this purpose (see, e.g., Henze and Meintanis,
2005 and Torabi et al., 2018 for comprehensive reviews).

Among characterization-based procedures, the test proposed in Cuparić et al.,
2019 is included as a relevant representative, since it has been reported to have
favorable power properties. It is based on the Puri-Rubin characterization (Puri
and Rubin, 1970), according to which if X1 and X2 are independent copies of a
positive random variable, then

|X1 − X2|
D
= X1

holds iff X1 follows an exponential distribution. This characterization is partic-
ularly convenient for gof testing, since it transforms the problem of testing ex-
ponentiality into assessing whether the original observations and the absolute
differences generated from independent pairs have the same distribution.

Let Y1, . . . , Yn, denote the standardized sample, where

Yi = λ̂nXi, i = 1, ..., n,
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with λ̂n = 1/X̄. This leads to a test statistic defined through a weighted L2-type
distance between the V-empirical Laplace transforms of the random quantities
appearing in the characterization:

M(a)
n (λ̂) =

∫ ∞

0

[
L(1)

n (t)− L(2)
n (t)

]2
e−atdt.

Here, a > 0 is a tuning parameter, and

L(1)
n (t) =

1
n

n

∑
i=1

e−tYi ,

L(2)
n (t) =

1
n2

n

∑
i=1

n

∑
j=1

e−t|Yi−Yj|

are the V-empirical Laplace transforms of Y1 and |Y1 − Y2|, respectively,
Under the null hypothesis, the distribution of the test statistic is free of λ. Fur-

thermore, it admits a representation as a degenerate V-statistic with an estimated
parameter, and the corresponding symmetrized kernel is given by

Φ(xi, xj, xk, xl; a) =
1
4! ∑

π∈Π(4)

( 1
|xπ(i) − xπ(j)|+ |xπ(k) − xπ(l)|+ a

− 2
|xπ(i) − xπ(j)|+ xπ(k) + a

+
1

xπ(i) + xπ(j) + a

)
.

where Π(4) is the set of all permutations of the set {i, j, k, l}. The second projec-
tion of this kernel therefore takes the form

Φ2(xi, xj,a) = −1
2
+

1
3
(e−xi + e−xj) +

1
6(a + xi + xj)

+
1
6

ea−xi−xjEi(−a)
[

a(ex
i − 2)(ex

j − 2)− exi − exj + 4
]

+
1
6

e−a−xi−xj [Ei(a)(4a + exi + exj − 4)− Ei(a + xi)(4(a + xi − 1) + exj)

+Ei(a + xj)(4(a + xj − 1) + exi)− 4(a + xi + xj − 1)Ei(a + xi + xj)
]

,

where Ei(x) = −
∫ ∞
−x

e−t

t dt denotes the exponential integral.
An additional power study, which extended the settings considered in Cu-

parić et al., 2019, was conducted to identify suitable values of the tuning param-
eter for constructing the linear combination. The set of alternatives was taken
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from Cuparić et al., 2022. In addition, for the purpose of an external evaluation of
the proposed procedure, the log-logistic distribution LL(β) with shape parameter
β > 0 and scale parameter fixed at one, having density

f (x; β) =
βxβ−1(

1 + xβ
)2 , x > 0,

and the Gompertz distributions Gomp(µ, θ) defined in (3.24) were also included.
The sample size was fixed at n = 50, with N = 10000 replicates.

Dist. M(0.2)
n M(0.5)

n M(0.7)
n M(1)

n M(1.5)
n M(2)

n M(3)
n M(5)

n M(7)
n M(10)

n M(15)
n M(âdd)

n LC1 LC2
E(1) 5 5 5 5 5 5 5 5 5 5 5 5 5 5

W(1.4) 81 84 84 86 86 86 87 86 87 86 86 85 87 87
Γ(2) 97 97 97 97 97 97 96 95 95 95 94 97 96 96
HN 42 48 50 52 55 58 61 62 62 63 64 53 61 61

U 91 95 96 97 98 98 99 99 99 99 100 99 99 99
CH(0.5) 90 90 91 90 91 91 91 91 91 91 91 92 92 92

CH(1) 28 33 36 37 39 41 46 45 46 47 47 43 46 46
CH(1.5) 99 100 100 100 100 100 100 100 100 100 100 100 100 100

LF(2) 58 64 67 68 71 74 77 77 77 78 78 73 76 76
LF(4) 77 82 85 86 88 90 91 92 91 91 92 89 91 91

EV(1.5) 74 81 84 85 89 90 91 93 93 94 94 91 92 92
LN(0.8) 98 94 93 89 85 82 79 72 67 64 61 95 78 78
LN(1.5) 23 35 42 48 58 64 74 80 84 87 89 87 76 76

DL(1) 82 77 76 72 69 67 66 59 58 55 53 76 64 65
DL(1.5) 100 100 100 100 100 100 100 99 99 99 99 100 99 99
W(0.8) 15 17 19 19 22 23 28 29 30 32 36 26 27 27
Γ(0.4) 98 97 97 97 97 97 98 97 98 98 98 97 98 98

LL(0.8) 8 16 17 23 28 36 44 58 66 74 79 69 52 51
LL(1.5) 94 90 87 86 85 87 87 91 94 100 100 98 91 90

Gomp(0.5, 1) 29 33 35 37 40 42 43 44 47 46 47 38 44 44
Gomp(1.5, 1) 74 81 84 86 88 90 91 92 93 94 94 91 92 92

Table 5.1: Empirical size and powers (in percentages) of the M(a)
n statistics and

their linear combinations for n = 50

The results presented in Table 5.1 show that, for certain alternatives, the em-
pirical power is strongly influenced by the choice of the tuning parameter a.
Therefore, as a compromise procedure, a linear combination of M(0.7)

n and M(7)
n

was considered. The corresponding weights were chosen to be inversely propor-
tional to the exact and limiting null standard deviations of nM(a)

n , leading to the
test statistics denoted by LC1 and LC2 in Table 5.1, respectively.

The obtained results indicate that the proposed combined test has power close
to that of the best-performing individual test. It is also worth noting that, al-
though the exact and limiting null standard deviations differ, as shown in Table
5.2, this difference does not affect the empirical power of the combined tests.

Moreover, the comparison with the data-driven procedure of Tenreiro, 2019,
denoted by M(âdd)

n in Table 5.1, suggests that the proposed linear combination ap-
proach is competitive and, in many cases, leads to higher empirical power. At the
same time, the results show that this advantage is not systematic, since the data-
driven procedure performs better for some alternatives. From a computational
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a Exact (n = 20) Exact (n = 50) Asymptotic

0.2 4.88 · 10−1 3.60 · 10−1 2.80 · 10−1

0.5 1.76 · 10−1 1.46 · 10−1 1.11 · 10−1

0.7 1.18 · 10−1 9.41 · 10−2 7.33 · 10−2

1 7.06 · 10−2 5.61 · 10−2 4.48 · 10−2

1.5 3.57 · 10−2 2.92 · 10−2 2.39 · 10−2

2 2.16 · 10−2 1.79 · 10−2 1.46 · 10−2

3 9.74 · 10−3 7.98 · 10−3 6.87 · 10−3

5 3.20 · 10−3 2.87 · 10−3 2.39 · 10−3

7 1.44 · 10−3 1.23 · 10−3 1.12 · 10−3

10 5.89 · 10−4 5.21 · 10−4 4.76 · 10−4

15 2.09 · 10−4 1.84 · 10−4 1.71 · 10−4

Table 5.2: Standard deviations of the nM(a)
n statistics under the null hypothesis.

standpoint, the proposed approach has a clear practical advantage: it avoids
the additional calibration step required by the data-driven selection rule. Con-
sequently, its implementation is considerably simpler and less time-consuming
in repeated simulation settings.

The results obtained for the additional alternatives lead to the same overall
conclusions as those observed for the alternatives used in the initial selection step.

5.2.2 Testing multivariate normality

Let X1, . . . , Xn be an i.i.d. sample from a d-variate random vector X. The compos-
ite hypothesis of interest is

H0 : X ∼ Nd(µ, Σ),

for some mean vector µ ∈ Rd and d × d positive definite covariance matrix
Σ. Multivariate normality testing has been investigated extensively, resulting in
many affine invariant test procedures (a comprehensive account is given in Ebner
and Henze, 2020). Many of the proposed tests depend on a tuning parameter,
including the classical Baringhaus-Henze-Epps-Pulley (BHEP) test (Baringhaus
and Henze, 1988; Henze and Zirkler, 1990). This has naturally raised the ques-
tion of how to select the tuning parameter in practice.

The BHEP statistic is briefly reviewed below, along with the facts that will be
used to construct the proposed procedure. Let Y1, . . . , Yn denote the standardized
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sample, defined by

Yi = Σ̂−1/2
n (Xi − µ̂n), i = 1, . . . , n, (5.1)

where µ̂n is the sample mean and Σ̂n denotes the sample covariance matrix. For
a tuning parameter β > 0, the BHEP test statistic is defined by

BHEP(β)
n = n

∫
Rd

∣∣∣φn(t)− e−∥t∥2/2
∣∣∣2 wβ(t) dt,

where

φn(t) =
1
n

n

∑
j=1

eit⊤Yj

is the empirical characteristic function of the standardized sample, while

wβ(t) =
1

(2πβ2)d/2 exp
{
−∥t∥2

2β2

}
, t ∈ Rd

is a Gaussian weight function.
By evaluating the integral explicitly, the statistic can be written in the form of

a V-statistic with estimated parameters:

BHEP(β)
n =

1
n

n

∑
j=1

n

∑
k=1

e−
β2∥Yj−Yk∥

2

2 − 2
(1 + β2)d/2

n

∑
j=1

e
−

β2∥Yj∥
2

2(1+β2) +
n

(1 + 2β2)d/2 .

Then, their asymptotic variance is given by (Henze and Zirkler, 1990)

Var(BHEP(β)
n ) =

2
(1 + 4β2)d/2 +

2
(1 + 2β2)d

[
1 +

8dβ4(1 + 2β2)2 + 3d(d + 2)β8

4(1 + 2β2)4

]
− 4

w(β)d/2

[
1 +

3dβ4

2q(β)
+

d(d + 2)β8

2q(β)2

]
,

(5.2)

where q(β) = (1 + β2)(1 + 3β2).
The role of the tuning parameter β in the BHEP test has been analyzed in detail

in Tenreiro, 2009; Tenreiro, 2017. Based on these studies, the following choices are
recommended:

βS =

√
2

0.896 + 0.052d
, for short-tailed alternatives,

βL =

√
2

1.856 + 0.098d
, for long-tailed alternatives,
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βT =

√
2

1.376 + 0.075d
, when no prior information about the alternative is available.

In this chapter, instead of selecting a single value of β, several BHEP statis-
tics are combined. Two linear combinations are considered. The first, denoted by
LC1, combines the statistics corresponding to βS and βL. The second, denoted by
LC2, uses the more widely separated values β = 0.2 and β = 2, which were cho-
sen based on the observed power behavior in the simulation study. The weights
are determined from the asymptotic variances in (5.2), since the finite-sample
distribution of the BHEP statistic is known to rapidly approach its limiting distri-
bution.

A power study was carried out for the sample size n = 50 with N = 50000
replicates. The alternatives used for the initial assessment were taken from
Ebner and Henze, 2020, whereas d-variate Laplace (Lad), logistic (Lod), and skew-
normal (SNd) distributions with independent components were included as ad-
ditional alternatives for an external evaluation of the proposed procedure. The
results obtained for dimensions d = 2 and d = 5 are reported in Tables 5.3 and
5.4, respectively.

When no prior information about the form of the alternative is available, LC1
and LC2 exhibit performance very close to that of the recommended statistic
based on the tuning parameter βT. In comparison with the data-driven selection
method (Tenreiro, 2019), which powers are presented in column βT,â, the pro-
posed linear combination approach is either competitive or more powerful, both
for the alternatives used in the initial study and for the additional alternatives
considered for external evaluation.

The relatively low powers observed for the uniform Ud(0, 1) and beta Bd(2, 2)
alternatives are mainly caused by the zero power of the component correspond-
ing to β = 0.2. However, this effect becomes less pronounced for larger sample
sizes. For example, in dimension d = 5 and for n = 300, the powers of LC2 for
these two alternatives are equal to 100 and 28, respectively, although one of its
components still has zero empirical power.
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Dist. βS βL βT β0.2 β0.5 β1 β2 β5 β10 βT,â LC1 LC2
Nd(0, Id) 5 5 5 5 5 5 5 5 5 5 5 5
NMIX(0.5, 3, Id) 83 21 56 2 6 65 85 59 28 68 64 52
NMIX(0.7, 3, Id) 91 69 84 25 48 87 90 60 29 77 94 77
NMIX(0.9, 3, Id) 73 87 83 86 88 82 64 30 16 83 84 86
NMIX(0.5, 0, Bd) 31 28 30 21 25 31 29 17 11 27 31 30
NMIX(0.9, 0, Bd) 29 44 38 44 46 37 24 12 9 42 40 43
t3(0, Id) 79 84 83 79 83 83 74 54 35 81 84 84
t5(0, Id) 42 53 50 52 54 48 36 19 13 47 50 52
t10(0, Id) 14 21 18 24 23 17 11 8 7 20 18 22
Ud(0, 1) 67 22 55 0 3 60 65 38 20 48 55 25
LNd(0, 0.5) 93 98 97 98 98 97 88 59 33 96 97 98
Bd(1, 2) 79 74 80 36 60 81 73 47 24 66 79 69
Bd(2, 2) 17 4 11 0 1 13 17 9 6 9 11 4
Pd

I I(0.5, 0, 1) 100 88 99 0 13 99 100 99 91 99 99 94
Pd

VII(5, 0, 1) 33 44 40 44 45 39 27 15 11 39 40 43
Pd

VII(10, 0, 1) 11 17 14 20 18 13 9 7 6 16 15 17
Lad(0, 1) 61 63 64 51 59 64 57 37 22 59 65 64
Lod(0, 1) 15 22 20 24 24 19 12 8 7 20 20 23
SNd(0, 1, 2) 17 24 22 25 26 21 13 8 6 19 21 23
SNd(0, 1, 5) 64 78 75 72 78 73 53 26 14 67 75 75

Table 5.3: Empirical size and powers (in percentages) for the BHEP statistics and
their linear combinations LC1 and LC2 for n = 50 and d = 2

Dist. βS βL βT β0.2 β0.5 β1 β2 β5 β10 βT,â LC1 LC2
Nd(0, Id) 5 5 5 5 5 5 5 5 5 5 5 5
NMIX(0.5, 3, Id) 52 11 24 3 6 41 47 10 9 33 30 21
NMIX(0.7, 3, Id) 72 40 57 13 30 68 54 11 9 51 84 40
NMIX(0.9, 3, Id) 75 95 92 88 95 86 37 10 9 92 92 90
NMIX(0.5, 0, Bd) 99 96 98 78 93 98 96 33 19 97 98 97
NMIX(0.9, 0, Bd) 67 90 83 94 92 76 43 12 10 89 85 92
t3(0, Id) 97 99 99 99 99 98 92 43 24 99 99 99
t5(0, Id) 72 86 82 87 87 78 51 15 11 84 83 86
t10(0, Id) 22 42 33 49 45 28 15 7 7 41 36 45
Ud(0, 1) 50 8 33 0 2 48 30 6 7 28 31 3
LNd(0, 0.5) 96 100 99 100 100 99 78 19 13 99 99 99
Bd(1, 2) 67 64 73 21 53 73 40 9 8 52 72 42
Bd(2, 2) 15 3 8 0 1 14 9 4 5 5 8 1
Pd

I I(0.5,0,1) 97 35 88 0 6 96 89 22 22 91 89 31
Pd

VII(5, 0, 1) 33 55 46 61 58 40 20 8 7 56 48 57
Pd

VII(10, 0, 1) 10 19 14 24 21 12 8 6 6 18 14 19
Lad(0, 1) 61 73 70 70 73 65 44 14 10 72 71 73
Lod(0, 1) 13 25 19 31 27 15 9 6 6 22 20 26
SNd(0, 1, 2) 13 24 20 25 25 16 8 6 6 18 20 22
SNd(0, 1, 5) 58 83 77 77 83 69 31 8 7 71 77 75

Table 5.4: Empirical size and powers (in percentages) for the BHEP statistics and
their linear combinations LC1 and LC2 for n = 50 and d = 5
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The results reported in Ebner and Henze, 2020 indicate that the spherical-
harmonics-based test proposed in Manzotti and Quiroz, 2001 exhibits power
properties that are complementary to those of the BHEP test. This observation
suggests that a combination of the two procedures may yield a test with enhanced
sensitivity against a broader class of alternatives.

Let Hj denote a fixed orthonormal basis of the space of spherical harmonics
of degree j on Sd−1 with respect to the uniform measure, and define

Gj =
j⋃

k=0

Hk.

Furthermore, let

rj(x) = ∥x∥j, for x ∈ Rd and u(x) =
x

∥x∥ , x ̸= 0.

For a fixed dimension d, consider the following collection of functions:

f1 = r1, { f2, . . . , fk} = {r3(g ◦ u) : g ∈ G2}.

Since G2 contains (d+1
2 ) + d elements, the collection consists of

k =

(
d + 1

2

)
+ d + 1

functions. The corresponding vector-valued function is denoted by

f = ( f1, . . . , fk)
⊤.

Let Z ∼ Nd(0, Id) be a standard d-variate normal random vector and let Y1, . . . , Yn

denote the standardized sample defined in (5.1). Define the k × k matrix V =

(vij)
k
i,j=1 by

vij = E
[

fi(Z) f j(Z)
]
− E fi(Z)E f j(Z), i, j = 1, . . . , k.

Assuming that V is nonsingular, set

vn( f j) =
1√
n

n

∑
ℓ=1

{
f j(Yℓ)− E f j(Z)

}
, j = 1, . . . , k,
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and collect these quantities in the vector

vn(f) =
(
vn( f1), . . . , vn( fk)

)⊤.

The spherical-harmonics-based test statistic is then defined as

MQ(2)
n (f) = vn(f)⊤V−1vn(f).

This statistic admits a V-statistic representation with a kernel

Φ(x1, x2; µ, Σ) =
k

∑
i=1

k

∑
j=1

mij

[
fi

(
Σ−1/2(x1 − µ)

)
− E fi

(
Σ−1/2(X − µ)

)]
×
[

f j

(
Σ−1/2(x2 − µ)

)
− E f j

(
Σ−1/2(X − µ)

)]
,

where mij denotes the (i, j)-th entry of the matrix V−1.
The asymptotic variance of this test statistic can be expressed in terms of the

eigenvalues given in Manzotti and Quiroz, 2001. Since the smallest eigenvalue
has to be computed numerically and its contribution is negligible, the variance is
approximated by retaining the first k − 1 largest eigenvalues:

Var
[

MQ(2)
n (f)

]
≈2

d
(

2
d + 4

)2

+
d2 + d − 2

2

1−
2(d + 1)2(d + 3)2Γ

(
d+1

2

)2

d2(d + 2)2(d + 4)Γ
(

d
2

)2


2

+1

.

A linear combination is then formed from the BHEP statistic with tuning pa-
rameter βT and the statistic MQ(2)

n . As before, the weights are chosen to be in-
versely proportional to the corresponding asymptotic null standard deviations.

The power study was carried out under the same settings as those used for the
BHEP test. The results, reported in Table 5.5, indicate that the power of the com-
bined procedure is generally close to the larger of the two component powers,
and in some cases even exceeds both individual tests. The same overall conclu-
sion is obtained for the alternatives included in the external evaluation.
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d = 2 d = 5
Dist. BHEP MQ(2) LC BHEP MQ(2) LC
Nd(0, Id) 5 5 5 5 5 5
NMIX(0.5, 3, Id) 57 51 65 45 48 58
NMIX(0.7, 3, Id) 93 22 83 85 18 76
NMIX(0.9, 3, Id) 84 62 84 79 55 80
NMIX(0.5, 0, Bd) 31 31 35 28 27 32
NMIX(0.9, 0, Bd) 39 50 50 35 45 45
t3(0, Id) 84 91 91 78 88 88
t5(0, Id) 49 66 64 42 60 59
t10(0, Id) 18 29 27 15 25 23
Ud(0, 1) 56 83 80 48 76 73
LNd(0, 0.5) 97 83 96 95 78 93
Bd(1, 2) 80 40 77 75 35 72
Bd(2, 2) 12 34 26 10 30 22
Pd

I I(0.5, 0.1) 99 100 100 98 100 100
Pd

VII(5, 0.1) 40 55 53 35 50 48
Pd

VII(10, 0.1) 14 22 21 12 19 18
Lad(0, 1) 64 78 76 69 83 84
Lod(0, 1) 20 30 29 20 30 30
SNd(0, 1, 2) 22 13 19 20 11 17
SNd(0, 1, 5) 75 34 68 77 31 69

Table 5.5: Empirical size and powers (in percentages) for the BHEP, MQ2 and
their linear combination LC, for d = 2 and d = 5
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5.2.3 Testing wrapped Cauchy distribution on the circle

Let Θ1, . . . , Θn be an i.i.d. sample from a distribution defined on a circle S1. The
null hypothesis of interest is

H0 : Θ1 ∼ WC(µ, ρ),

where WC(µ, ρ) stands for wrapped Cauchy distribution with density

f (θ; µ, ρ) =
1

2π

1 − ρ2

1 + ρ2 − 2ρ cos(θ − µ)
, θ ∈ [−π, π), µ ∈ [−π, π), ρ ∈ [0, 1).

This unimodal and symmetric distribution was introduced by Lévy, 1939 and
later investigated by Wintner, 1947. Its relevance in circular statistics is further
supported by the result of McCullagh, 1996, which showed that this family is
closed under conformal maps that preserve the unit circle, known as Möbius
transformations.

In Jammalamadaka et al., 2019, a powerful class of gof tests for circular dis-
tributions is proposed. For testing the wrapped Cauchy distribution, and with
the weights chosen according to a Poisson law, the corresponding test statistic is
given by

Cn,λ = n
∞

∑
r=0

∣∣φn(r)− φ(r; 0, ρ̂n)
∣∣2 · λr

r!
e−λ,

where φn denotes the empirical characteristic function of the centered observa-
tions θi − µ̂n, while

φ(r; µ, ρ) = ρ|r|eirµ, r ∈ Z,

is the characteristic function of the wrapped Cauchy distribution. The quantities
µ̂n and ρ̂n are the mle of µ and ρ, respectively. Centering the observations by µ̂n

removes the dependence on the location parameter so that the null distribution
may be studied under µ = 0 without loss of generality.

It can be verified that this statistic admits a V-statistic representation with
estimated parameters whose kernel is equal to

Φ(θ1, θ2; µ, ρ, λ) =
∞

∑
r=0

(
cos(r(θ1 − θ2))− ρ|r|

(
cos(r(θ1 − µ))

+ cos(r(θ2 − µ))
)
+ ρ2|r|

)
e−λλr/r!.

In contrast to the examples previously considered, both the finite-sample and
the limiting distribution under the null hypothesis depend on the parameter ρ.
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Hence, in order to apply the proposed linear combination approach, the variance
function is approximated, for each selected sample size n, by the following pro-
cedure:

• A grid Gρ = {ρ1, . . . , ρ100} of 100 equally spaced values is constructed on
the interval [0, 1), where

ρj =
j − 1
100

, j = 1, . . . , 100.

• For each value of ρj in the grid, N = 500 samples of size n = 50 are gen-
erated from the wrapped Cauchy distribution centered at zero with con-
centration parameter ρj, and the empirical variance of the test statistic is
computed.

• The empirical variances computed on the selected parameter grid are ap-
proximated by linear interpolation using the function approxfun from
the R package stats (R Core Team, 2022). This function constructs an in-
terpolation function from the supplied pairs of grid points and empirical
variances, allowing evaluation at arbitrary parameter values lying between
the grid points.

The bootstrap procedure described in Jammalamadaka et al., 2019 is then ap-
plied, using the plug-in approximation of the variance obtained from the inter-
polation step. The case n = 50 is considered, with N = 10000 replications. The
proposed linear combination is constructed from the statistics corresponding to
λ = 0.3 and λ = 1. The results are reported in Table 5.6.

In addition to the alternatives already introduced in Chapter 4.3, the following
distributions and mixture alternatives are considered:

• a cardioid distribution Ca(µ, ρ)

f (θ) =
1

2π
(1 + 2ρ cos(θ − µ)), −π ≤ θ, µ < π, |ρ| < 1

2
;

• a wrapped normal distribution WN (µ, σ)

f (θ) =
1

σ
√

2π

∞

∑
m=−∞

exp
[−(θ − µ + 2πm)2

2σ2

]
, −π ≤ θ, µ < π, σ > 0;
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• a wrapped Laplace distribution WLa(µ, σ)

f (θ) =
1

2σ (1 − e−2π/σ)

(
e−|θ−µ|/σ + e−(2π−|θ−µ|)/σ

)
, −π ≤ θ, µ < π, σ > 0;

• a mixture of two wrapped Cauchy distributions

pWC(µ1, ρ1) + (1 − p)WC(µ2, ρ2),

with mixture parameter p ∈ (0, 1). In the simulations, the following
notation is used.

Notation Mixture

WCM1 0.6WC(0, 0.8) + 0.4WC(π
4 , 0.5)

WCM2 0.5WC(0, 0.5) + 0.5WC(π
2 , 0.5)

WCM3 0.7WC(0, 0.9) + 0.3WC(π
2 , 0.3)

WCM4 0.5WC(π
2 − 0.3, 0.9) + 0.5WC(π

2 + 0.3, 0.9)
WCM5 0.5WC(0, 0.2) + 0.5WC(−π, 0.2)
WCM6 0.9WC(0, 0.95) + 0.1WC(−π, 0.1)
WCM7 0.8WC(−π, 0.1) + 0.2WC(0, 0.99)

As in the previous cases, the test statistics based on linear combinations gen-
erally perform better than the original test statistics for most values of λ and for
almost all alternatives considered. A similar pattern is observed for the addi-
tional alternatives introduced in this section, suggesting that the improvement is
not restricted to the distributions used in the initial comparison.

5.3 Combining test statistics of other types

Although the preceding developments were formulated within the framework of
degenerate V-statistics, an analogous approach can be employed in more general
settings. The present section applies the same principle to a test statistic that
depends on a tuning parameter but does not belong to this class.

5.3.1 Testing uniformity on the sphere

Let U1, . . . , Un be an i.i.d. sample from a random vector U taking values on the
unit sphere Sd−1. The problem of interest is to test whether the underlying distri-
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Dist. Cn,0.3 Cn,0.5 Cn,1 Cn,2 LC
WC(0.9) 5 5 5 5 5
WC(0.5) 5 5 5 5 5
WC(0.3) 5 5 5 5 5
VM(0.5) 5 5 5 5 5
VM(1) 10 11 11 10 10
VM(2) 45 44 41 34 43
VM(5) 90 88 84 71 89
VM(7) 91 91 89 78 93
Ca(0.3) 10 11 11 10 10
Ca(0.5) 56 58 56 43 56
CW(0.5) 82 82 77 62 80
CW(1) 56 58 56 43 56
J P(2,1) 47 49 47 38 47
J P(2,0) 46 44 40 33 42
J P(2,1.5) 37 39 39 31 38
Ba(3,0.5) 65 64 61 48 63
Ba(3,1) 56 57 60 52 57
Ba(5,1) 70 76 83 81 83
Ba(5,0.5) 83 85 85 76 86
WCM1 28 26 25 24 25
WCM2 18 18 20 22 19
WCM3 91 91 91 86 90
WCM4 80 84 89 90 82
WCM5 6 6 7 7 6
WCM6 62 62 59 49 63
WCM7 39 44 51 65 47
WLa(0.2) 28 30 32 27 32
WLa(0.5) 24 23 20 15 22
WLa(0.8) 10 9 9 8 10
WN (0.2) 5 6 7 6 6
WN (0.5) 32 33 33 27 33
WN (0.8) 89 88 81 68 86

Table 5.6: Empirical powers (in percentages) of the Cn,λ statistics and the linear
combination LC based on λ = 0.3 and λ = 1, for sample size n = 50.
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bution is uniform on the sphere, that is,

H0 : U ∼ U (Sd−1).

Under H0, the density of U with respect to the surface measure on Sd−1 is given
by

f (u) =
1

ωd−1
, u ∈ Sd−1,

where

ωd−1 =
2πd/2

Γ(d/2)

denotes the surface area of Sd−1.
Uniformity testing on the hypersphere has been the subject of extensive re-

search. The review paper by García-Portugués and Verdebout, 2018 gives a de-
tailed overview of the main testing procedures, while simulation-based compar-
isons and empirical findings for particular procedures are reported in Diggle et
al., 1985 and Figueiredo, 2007. In Borodavka and Ebner, 2026, a new class of test
statistics Tn,β, based on powers of maximal projections, is proposed. The analysis
below focuses on this class of tests.

Under the null hypothesis, by the rotational invariance of the uniform distri-
bution on Sd−1 and symmetry, the moment

ψd(β) = E(b⊤U)β

does not depend on the particular choice of b ∈ Sd−1. Moreover, for every β ∈ N,

ψd(β) =


Γ
(
(β + 1)/2

)
Γ(d/2)

√
π Γ
(
(β + d)/2

) , if β is even,

0, if β is odd,

where Γ(·) denotes the gamma function. Based on this, the following family of
test statistics Tn,β was proposed:

Tn,β = Tn,β(U1, . . . , Un) = n max
b∈Sd−1

(
1
n

n

∑
j=1

(b⊤Uj)
β − ψd(β)

)2

, β ∈ N.

Motivated by the different sensitivity of Tn,β to the choice of β, the linear-
combination approach is applied to the statistics corresponding to β = 5 and
β = 6, which exhibit complementary power properties. Since the null hypothesis
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is simple, the weights are chosen as the inverses of the null standard deviations
of the corresponding statistics, with these standard deviations approximated by
Monte Carlo simulation based on N1 = 10000 replicates. The alternatives are
taken from Borodavka and Ebner, 2026. For the evaluation stage, the Watson
distribution is considered. The Watson distribution on the unit sphere Sd−1 is
determined by an axial parameter µ ∈ Sd−1 and a concentration parameter κ ∈ R.
Its density has the form

f (x; µ, κ) =
1

M
(

1
2 , p

2 , κ
) exp

{
κ(µ⊤x)2

}
, x ∈ Sp−1,

where M(a, b, z) denotes Kummer’s confluent hypergeometric function of the
first kind, defined by the series

M(a, b, z) =
∞

∑
j=0

(a)j

(b)j

zj

j!
.

Here, (a)j denotes the Pochhammer symbol, given by

(a)j = a(a + 1) · · · (a + j − 1), j ≥ 1,

with (a)0 = 1. In Tables 5.7 and 5.8, Wa1(κ) denotes the Watson distribution with
mean direction µ = (1, 0, . . . , 0), whereas Wa2(κ) denotes the Watson distribution
with mean direction given by the normalized vector (1, . . . , 1). Both distributions
are considered with the concentration parameter κ. The simulation study consid-
ers the cases d = 2 and d = 3. The sample size is fixed at n = 100, and empirical
powers are estimated from N2 = 5000 Monte Carlo replications.

The results reported in Tables 5.7 and 5.8 show that the power of the linear
combination is consistently close to that of the more powerful component statis-
tic, and in some cases even exceeds the power of both individual components.
The results obtained for the additional alternatives confirm the same overall pat-
tern.
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Dist. Tn,1 Tn,2 Tn,3 Tn,4 Tn,5 Tn,6 LC
U (Sd−1) 5 5 5 5 5 5 5
vMF1(0.05) 6 5 6 5 6 5 5
vMF1(0.1) 9 5 8 6 8 6 8
vMF1(0.25) 32 6 31 5 28 5 21
vMF1(0.5) 88 6 85 6 82 6 71
vMF1(0.75) 100 11 100 12 99 12 98
vMF1(1) 100 24 100 23 100 23 100
vMF1(2) 100 98 100 98 100 98 100
Mix-vMF1(0.25) 79 23 76 24 74 23 71
Mix-vMF1(0.5) 4 23 5 24 5 23 16
Mix-vMF2(0.5) 70 100 78 99 79 99 99
Mix-vMF2(0.75) 30 82 28 80 27 79 80
Mix-vMF3(0.25) 40 86 55 86 59 84 90
Mix-vMF4(0.33) 11 72 21 71 28 69 75
Bing1(0.25) 5 11 5 11 5 10 9
Bing1(0.5) 5 33 5 32 5 30 23
Bing1(1) 6 88 6 88 6 87 75
Bing2(0.1) 5 23 5 22 5 21 16
Bing2(0.25) 6 88 6 88 6 87 75
LP3(0.1) 5 5 6 5 7 5 6
LP4(0.1) 5 5 5 6 5 6 6
LP3(0.5) 5 4 25 5 45 5 33
LP4(0.5) 5 6 6 18 6 31 22
LP3(1) 5 4 91 4 100 5 97
LP4(1) 5 6 6 59 8 96 81
Wa1(0.5) 5 34 5 34 5 33 26
Wa1(0.8) 4 70 5 69 6 68 56
Wa2(-0.5) 5 33 6 32 5 32 24
Wa2(-1) 5 89 5 88 6 86 75
Wa2(-2) 5 100 7 100 8 100 100

Table 5.7: Empirical power (in percentage) of the spherical uniformity tests and
the linear combination based on β = 5 and β = 6, for n = 100 and d = 2
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Dist. Tn,1 Tn,2 Tn,3 Tn,4 Tn,5 Tn,6 LC
U (Sd−1) 5 5 5 5 5 5 5
vMF1(0.05) 5 5 6 5 6 5 6
vMF1(0.1) 6 5 7 5 7 5 6
vMF1(0.25) 19 5 18 5 16 5 13
vMF1(0.5) 65 5 58 6 52 5 40
vMF1(0.75) 96 8 93 8 89 7 78
vMF1(1) 100 14 100 14 99 13 97
vMF1(2) 100 93 100 91 100 88 100
Mix-vMF1(0.25) 63 15 58 15 50 14 46
Mix-vMF1(0.5) 5 15 5 15 5 14 11
Mix-vMF2(0.5) 85 99 92 99 92 99 100
Mix-vMF2(0.75) 9 76 10 75 12 72 65
Mix-vMF3(0.25) 62 90 73 88 75 82 93
Mix-vMF4(0.33) 9 90 22 86 33 80 82
Bing1(0.25) 5 14 5 13 6 12 11
Bing1(0.5) 5 45 6 43 6 38 28
Bing1(1) 6 98 7 98 9 96 89
Bing2(0.1) 5 18 6 17 6 15 13
Bing2(0.25) 6 83 7 80 8 75 63
LP3(0.1) 5 5 6 5 5 5 5
LP4(0.1) 6 5 6 5 5 5 5
LP3(0.5) 5 4 7 5 10 5 9
LP4(0.5) 5 5 5 6 5 7 7
LP3(1) 5 5 19 5 34 5 24
LP4(1) 5 5 5 9 6 17 13
Wa1(0.5) 5 17 5 18 6 15 12
Wa1(0.8) 6 46 6 45 6 38 30
Wa2(-0.5) 6 14 6 13 6 12 9
Wa2(-1) 5 51 6 45 6 38 24
Wa2(-2) 7 99 8 97 10 93 80

Table 5.8: Empirical power (%) of the spherical uniformity tests and the linear
combination based on β = 5 and β = 6, for n = 100 and d = 3
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Chapter 6

Real data analysis

This chapter presents an analysis of several real data sets in order to illustrate
the practical performance of the newly proposed tests. The procedures are ap-
plied to observational data arising from different settings, with the aim of testing
the corresponding null hypotheses and assessing the adequacy of the considered
probabilistic models. In this way, the empirical study complements the theoreti-
cal and simulation results given in the previous chapters and provides additional
insight into the behavior of the proposed methods in real-data applications.

6.1 Applications to discrete data

In this section, the tests introduced in Chapter 2, together with the competing
procedures discussed there, are applied to several real-world datasets in order
to examine their practical performance in testing gof to the geometric distribu-
tion. The datasets considered come from a variety of application areas. Two of
them come from capture-recapture studies, which are widely used in ecological
and population estimation research; one dataset concerns the statistical modeling
of natural catastrophes and is therefore relevant in the study of extreme events;
and the final dataset relates to the distribution of plant and animal occurrences,
providing an additional illustration in an ecological context. These datasets have
been sourced from Anan et al., 2019, Bliss and Fisher, 1953 and Kagan, 2010.

1. Bowel cancer data. Screening for bowel cancer is carried out through a se-
ries of self-administered tests performed over the course of six consecu-
tive days, each designed to detect the presence of blood in fecal samples.
Individuals who have negative results on all six tests are not required to
undergo any further medical procedures, while those with at least one
positive test are subject to additional diagnostic steps. In this particu-
lar study, the recorded frequencies for positive results across the six days
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were (n1, . . . , n6) = (8, 12, 16, 21, 12, 31), summing to a total sample size of
n = 100.

2. Dicentric data. The dicentric chromosome dataset comprises measurements
taken from cells exposed to a radiation dose of 0.405 Gy. In this experiment,
the frequencies of cells exhibiting one to four dicentric chromosomes were
observed as (n1, . . . , n4) = (66, 15, 1, 1), yielding a total of n = 83 analyzed
cells.

3. Primula data. In plant ecology, quadrat counts are commonly used to as-
sess the distribution of plant species, particularly their tendency to occur
in distinct "clumps" rather than being evenly spread. This dataset contains
records of the number of quadrats in which Primula auricula, a species of
flowering plant from the Primulaceae family, was found. The observed fre-
quency distribution is (n1, . . . , n9) = (21, 23, 14, 11, 4, 5, 4, 0, 1), where each
nk indicates the number of quadrats in which exactly k clumps of Primula
auricula were found. The total number of quadrats surveyed is n = 83.

4. Earthquake data. The number of aftershocks recorded during the first 24
hours within a circular area of radius R (where R is determined by the mag-
nitude of the main shock) is given by the observed frequency distribution
(n0, . . . , n34) = (9, 6, 5, 4, 3, 1, 4, 3, 6, 4, 1, 0, 0, 0, 2, 0, 0, 2, 1, 0, 0, 1, 0, 0, 0, 1, 0, 0,
0, 0, 0, 1, 0, 0, 1). This means that, for each possible number of aftershocks
from 0 up to 34, the corresponding value in the sequence represents how
many times that specific number of aftershocks was observed in the sam-
ple. The total number of observations in this dataset is n = 55.

The tests considered in Chapter 2 are formulated for the geometric distribu-
tion on the support {1, 2, . . .}. Some of the real data sets considered above are
zero-truncated count data, as is common in capture-recapture applications. If an
underlying count variable X, defined on {0, 1, 2, . . .}, has a geometric distribu-
tion, then, by the memoryless property, the conditional distribution of X|X ≥ 1
is geometric on {1, 2, . . .}. Therefore, the tests can be applied directly to the ob-
served positive counts.

Based on that, the bowel cancer, dicentric and primula data sets are treated in
this zero-truncated framework. Thus, only positive observations are used, and
the frequency of zero, even when available, is treated as unknown. This is consis-
tent with the support {1, 2, . . .} assumed in the definition of the tests. For earth-
quake data set, observations are recorded from zero and the zero frequency is
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retained in the analysis. Hence, this data set is not treated as zero-truncated. To
apply tests defined on {1, 2, . . .}, the observations are shifted by one.

Table 6.1 presents the p-values calculated using the parametric bootstrap
method with B = 1000 bootstrap samples. For the first real-life data set, all tests
agree in rejecting H0. In contrast, for the second and fourth data sets, none of
the tests provide evidence against H0, which aligns with the findings reported by
Anan et al., 2019 and Kagan, 2010. For the third data set, the tests Kn, Wn, and
Hn do not indicate evidence against H0, whereas the remaining tests, including
the newly proposed ones, reject the null hypothesis. Since a satisfactory fit of the
negative binomial distribution to this dataset was reported in Bliss and Fisher,
1953, the obtained results are not without support. At the same time, because the
geometric distribution represents a more restrictive submodel of the negative bi-
nomial family, the differing conclusions of the gof tests are not unexpected. This
indicates that the geometric distribution may serve as a reasonable first approxi-
mation, but may still be insufficiently flexible to provide a fully satisfactory fit to
the data. In addition to the conclusions based on the reported p-values, Figure 6.1
presents a graphical comparison between the observed relative frequencies and
the pmf of the corresponding geometric distribution.

Dataset p̂ Tn In Kn Wn Hn T n
(2) T n

(3) Ln
Bowel cancer 0.24 0 0 0 0 0 0 0 0
Dicentric 0.81 0.38 0.42 0.67 0.52 0.55 0.74 0.75 0.88
Primula 0.35 0.043 0.043 0.060 0.109 0.062 0.018 0.021 0.025
Earthquake 0.15 0.60 0.59 0.73 0.30 0.56 0.60 0.58 0.58

Table 6.1: Empirical p-values for testing goodness-of-fit
to the geometric distribution

6.2 Applications to continuous data

The newly proposed test, along with the competitors presented in Chapter 3, is
applied in this section to three real data sets involving continuous data, in order
to illustrate its practical performance.

The first dataset (Table 6.2) represents the shelf life (in days) of a food prod-
uct; see Gacula and Kubala, 1975. Shelf life is often assessed through failure
times recorded under controlled storage conditions, but simple average-based es-
timates may be unreliable when these times are skewed or censored. In sensory
studies, failure is commonly defined by criteria such as the just-noticeable differ-
ence (JND) or storage life, whereas procedures such as the triangle test are used
to identify detectable changes in product quality. The distribution of shelf life

121



Figure 6.1: Graphical comparison of the observed relative frequencies and the
fitted geometric probability mass functions

failures is therefore examined here as a basis for choosing an appropriate model
for this type of data.

24, 24, 26, 26, 32, 32, 33, 33, 33, 35, 41, 42, 43,
47, 48, 48, 48, 50, 52, 54, 55, 57, 57, 57, 57, 61

Table 6.2: Dataset: Shelf life

The second dataset (Table 6.3) contains failure times for the right rear brakes
on D9G-66A Caterpillar tractors; see Barlow and Campo, 1975. Since the brake
system is a wear-sensitive service component, the recorded values represent the
accumulated hours of operation before the corresponding brake unit failed. The
dataset thus captures the in-service lifetime of one precisely identified part of the
machine.
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The final dataset (Table 6.4) refers to active repair times for an airborne
transceiver (in hours); see Alven, 1964. Within the framework of maintainability
analysis, active repair time denotes the portion of corrective-maintenance down-
time during which repair work is actually performed, including activities such
as fault verification, fault location, repair or replacement, and final testing. Thus,
the observations represent the duration of the repair actions themselves, rather
than the time to failure or delays due to logistical or administrative factors.

56, 83, 104, 116, 244, 305, 429, 452, 453, 503, 552, 614, 661, 673, 683,
685, 753, 763, 806, 834, 838, 862, 897, 904, 981, 1007, 1008, 1049, 1060,
1107, 1125, 1141, 1153, 1154, 1193, 1201, 1253, 1313, 1329, 1347, 1454,
1464, 1490, 1491, 1532, 1549, 1568, 1574, 1586, 1599, 1608,1723, 1769,
1795, 1927, 1957, 2005, 2010, 2016, 2022, 2037, 2065, 2096, 2139, 2150,
2156, 2160, 2190, 2210, 2220, 2248, 2285, 2325, 2337, 2351, 2437, 2454,
2546, 2565, 2584, 2624, 2675, 2701, 2755, 2877, 2879, 2922, 2986, 3092,
3160, 3185, 3191, 3439, 3617, 3685, 3756, 3826, 3995, 4007, 4159, 4300,

4487, 5074, 5579, 5623, 6869, 7739
Table 6.3: Dataset: Tractors

0.2, 0.3, 0.5, 0.5, 0.5, 0.5, 0.6, 0.6, 0.7, 0.7, 0.7, 0.8,
0.8, 1.0, 1.0, 1.0, 1.0, 1.1, 1.3, 1.5, 1.5, 1.5, 1.5, 2.0,
2.0, 2.2, 2.5, 2.7, 3.7, 3.0, 3.3, 3.3, 4.0, 4.0, 4.5, 4.7,

5.0, 5.4, 5.4, 7.0, 7.5, 8.8, 9.0, 10.3, 22.0, 24.5
Table 6.4: Dataset: Transceiver

Since all these datasets represent lifetime data, the gamma and inverse Gaus-
sian distributions are considered as null lifetime distributions for testing.

Figure 6.2 presents a kernel density estimate for each dataset, generated us-
ing the function density in R with the default kernel and bandwidth settings,
together with the estimated theoretical gamma and inverse Gaussian densities.
The gof tests discussed in Chapter 3 were applied to the three datasets to assess
the gof for the gamma and inverse Gaussian distributions. The corresponding
p-values, resulting from 10,000 bootstrap samples, are provided in Tables 6.5 and
6.6.

Figure 6.2 clearly shows that neither of the assumed models provides an ad-
equate fit to the Shelf life dataset. However, the traditional Kolmogorov-Smirnov
test does not reject the hypothesis of a gamma distribution at the 0.05 significance
level. This behavior is consistent with the patterns observed in the simulation
study. For this dataset, the graph suggests that the empirical density is closest
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Dataset: Shelf life Dataset: Tractors

Dataset: Transceiver

Figure 6.2: Density estimators for the data sets

Dataset α̂n β̂n HBKRn Tn KSn CvMn
shelf life 13.6 0.318 0.047 0.039 0.053 0.022
tractors 2.100 0.001 0.39 0.37 0.40 0.74
transceiver 0.549 0.150 < 10−2 < 10−2 0.01 0.05

Table 6.5: Empirical p-values for testing goodness-of-fit
to the gamma distribution

Dataset µ̂n λ̂n HBKRn Tn KSn CvMn
shelf life 42.9 484 0.027 0.017 0.041 0.026
tractors 2024 1472 < 10−2 < 10−2 < 10−2 < 10−2

transceiver 3.62 1.66 0.70 0.63 0.90 0.83
Table 6.6: Empirical p-values for testing goodness-of-fit

to the inverse Gaussian distribution
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to a uniform distribution, among those considered in the simulation study, with
support on [a, b], where a > 0. When testing the null gamma hypothesis against
the uniform alternative, it is evident that Tn and CvM are the most powerful tests,
which corresponds with the obtained p-values. For the null inverse Gaussian
hypothesis, Tn performs the best, while HBKR and CvM show similar powers,
which is also reflected in the p-values.

For the Tractors dataset, Figure 6.2 indicates that the inverse Gaussian distri-
bution does not provide a good fit, a conclusion supported by the test results. On
the other hand, none of the tests rejects the null hypothesis of the gamma distri-
bution, suggesting that it is a suitable alternative to the exponential distribution
previously rejected in Jovanović et al., 2015.

Finally, for the Transceiver dataset, Figure 6.2 clearly demonstrates that the
gamma distribution is not an appropriate model, a conclusion supported by all
tests. The fit of the inverse Gaussian distribution is less evident from the density
plot, due to the pronounced concentration of the empirical density at smaller
values and the long right tail of the sample. Nevertheless, all p-values indicate
that the null hypothesis should not be rejected.

6.3 Applications to circular data

This section illustrates the practical applicability of the test developed in Chapter
4, together with the corresponding competing methods, applied to several real
data sets to assess the adequacy of the wrapped normal model.

The first dataset, taken from Ghosh et al., 2024, contains 70 confirmed impact
craters listed in the Earth Impact Database. For each crater, detailed measure-
ments are available to describe both the spatial and temporal characteristics of
meteorite impacts on the Earth’s surface. Attention is restricted here to the lon-
gitudinal component in order to investigate global patterns of crater clustering
(Table 6.7). Although the Earth Impact Database is widely recognized as the
principal reference source for confirmed impact structures, ongoing geological
investigations may still lead to revisions of estimated ages or to the identification
of additional structures.

To further illustrate the applicability of the proposed test, a second dataset
from Lindecke et al., 2019 was analyzed. This study involved 26 adult Pipistrellus
pygmaeus bats captured along the Latvian Baltic Sea coast and randomly assigned
either to a control group (C), exposed to the natural sunset, or to a mirror group
(M), in which the sunset azimuth was shifted by 180◦. The animals were kept in
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50.467 22.667 -61.700 133.133 16.900 135.200 117.583
-64.217 27.400 -115.600 -5.500 -1.417 172.000 82.017
48.033 73.450 27.500 -89.500 -81.183 111.183 -68.700
135.450 23.533 64.150 -114.000 142.833 -70.300 14.867
73.450 -64.217 -52.983 -76.017 29.667 43.717 -98.533
114.667 -109.500 -74.500 -94.550 -87.000 118.833 24.600
120.883 -63.300 -74.100 40.500 -117.633 133.583 -113.967
32.250 10.567 -74.800 -89.667 23.700 0.783 132.300
134.833 95.933 32.917 78.133 -17.067 127.783 -68.250
-10.400 129.317 -111.017 123.450 76.500 28.067 60.967

Table 6.7: Longitude of craters

their treatment cages from 30 minutes before until 30 minutes after sunset, then
translocated inland, and their mean departure bearings at takeoff were recorded
(Table 6.8). The gof of the resulting bearings to the wrapped normal distribution
was subsequently assessed for both groups.

AdultC

310 230 240
210 145 215
270 320 310
330 210

(a)

AdultM

230 140 60
60 50 40
80 110 90

270 90 210
20 90 45

(b)

Table 6.8: Takeoff orientation of Pipistrellus pygmaeus
adults: control (a) vs. mirror (b) group

Another illustrative dataset, shown in Table 6.9, involves observations of 100
ants placed individually in a circular arena, where a black target served as a po-
tential directional cue. Researchers tracked the movement paths of each ant to
determine whether there was a consistent orientation toward the target. This ex-
periment, originally conducted in Jander, 1957, provides valuable insights into
the mechanisms of visual guidance and spatial orientation in ants. It serves as a
foundational study in understanding insect navigation under controlled condi-
tions.

The last dataset contains movement directions observed for tracked individ-
uals of the sea star Astropecten jonstoni in the shallow coastal waters of Sardinia,
in the Mediterranean Sea (Table 6.10). These data provide insight into the spatial
behavior of Astropecten jonstoni and make it possible to assess the environmental
factors that may influence its coastal orientation and migration patterns. The data
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330 290 60 200 200 180 280 220 190 180
180 160 280 180 170 190 180 140 150 150
160 200 190 250 180 30 200 180 200 350
200 180 120 200 210 130 30 210 200 230
180 160 210 190 180 230 50 150 210 180
190 210 220 200 60 260 110 180 220 170
10 220 180 210 170 90 160 180 170 200

160 180 120 150 300 190 220 160 70 190
110 270 180 200 180 140 360 150 160 170
140 40 300 80 210 200 170 200 210 190

Table 6.9: Movements of ants

were collected by scuba diving, with particular attention given to the behavior of
the animals after displacement. For reference, the coastal direction was taken to
be approximately 0◦. The dataset was reported in Upton and Fingleton, 1989 on
the basis of graphical material originally presented in Pabst and Vicentini, 1978.

0 1 3 3 8 13 16 18 30 31 43
45 147 298 329 332 335 340 350 354 356 357

Table 6.10: Movements of sea stars

Table 6.11 summarizes the maximum likelihood estimates for the wrapped
normal distribution, along with the associated p-values for each analyzed dataset.
These results are obtained using the tests Sn,1, Kn, Wn, and Cn,0.5. The paramet-
ric bootstrap procedure is used with N = 5000 bootstrap samples. For the first

Dataset n µ̂n σ̂n Sn,1 Kn Wn Cn,0.5

craters 70 0.27 1.63 0.02 < 0.01 < 0.01 0.01
adultC 11 -1.85 0.98 0.17 0.24 0.26 0.44
adultM 15 1.62 1.31 0.03 0.04 0.04 0.01
ants 100 3.13 1.11 < 0.01 < 0.01 < 0.01 < 0.01
sea stars 21 0.02 0.44 0.83 0.75 0.80 0.64

Table 6.11: Empirical p-values for testing goodness-of-fit
to the wrapped normal distribution.

dataset, all considered tests lead to the rejection of H0, which is in agreement with
the findings of Ghosh et al., 2024, where the von Mises distribution was identified
as providing an adequate fit. This agreement is not unexpected, since Table 4.3
indicates that, for the sample size and parameter estimates considered here, all
tests possess sufficient power to discriminate between the wrapped normal and
von Mises distributions.
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Figure 6.3: Plot of the movements of sea stars

Turning to the next dataset, none of the tests rejected the null hypothesis of a
wrapped normal distribution for the adultC group. In contrast, all tests rejected
the null hypothesis for the adultM group, in agreement with the original study,
which reported a significant difference in orientation distributions between the
two treatment groups.

For the ants dataset, all tests reject the null hypothesis, indicating that the
wrapped normal distribution does not provide an adequate fit. This finding
is also consistent with the conclusions reported in Ravindran, 2002, where the
wrapped Cauchy distribution was identified as a more appropriate model for
this dataset.

Turning to the final dataset, the corresponding p-values are Sn,1 = 0.2312,
Kn = 0.0956, Wn = 0.0318, and Cn,0.5 = 0.0056. These results show that nei-
ther the newly proposed test nor the Kn test rejects the null hypothesis, thereby
supporting the adequacy of the wrapped normal model for these data. In con-
trast, the remaining two tests lead to rejection of H0. As can be seen from Figure
6.3, two observations appear to deviate noticeably from the main pattern of the
sample, which may have affected the overall gof evaluation.

Accordingly, the dataset is examined by means of an outlier test for discor-
dancy specific to wrapped normal data. The general version of this test was orig-
inally proposed by Mardia, 1975, whereas the form employed here was presented
in Collett, 1980. The applied test statistic is

Mn =
R(n) − R + 1

n − R
.

Here, R denotes the resultant length of the full sample, and R(n) = maxi Ri, where
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Ri is the sample resultant length computed after omitting the ith observation θi.
An observation is classified as an outlier when the value of Mn lies above the cor-
responding critical threshold, with the relevant critical values given in Rambli et
al., 2012. Applying this procedure, one sea star, namely the specimen that moved
markedly away from the general pattern and headed out to sea, was identified as
a significant outlier (value 147◦). After detecting and removing this outlier, the p-
values for all tests increased significantly. These updated p-values are presented
in Table 6.11.
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Conclusion

This dissertation has introduced several new goodness-of-fit tests motivated by
independence-type characterizations. More precisely, new tests have been devel-
oped for the geometric distribution, for a broad class of absolutely continuous
distributions, and for the wrapped normal distribution in the context of circu-
lar data. In addition, a general testing approach based on linear combinations
of degenerate V-statistics has been considered, providing a flexible framework
for constructing new test procedures and studying their asymptotic and finite-
sample properties.

First, in the Introduction, the theoretical background needed for the asymp-
totic analysis of the newly proposed gof tests throughout the dissertation is pro-
vided. It summarizes the main results on U- and V-statistics, their degeneracy
properties, and the corresponding limiting distributions. On this basis, novel
theoretical results are derived for the limiting distributions of finite linear combi-
nations of weakly degenerate V-statistics, both in the case of known parameters
and in settings involving parameter estimation. The chapter further introduces
the basic concepts of U-processes and presents the characterizations of probabil-
ity distributions, focusing on independence characterizations as the foundation
for the gof tests developed in the dissertation.

Chapter 2 presents the gof tests proposed for the geometric distribution, to-
gether with the main conclusions arising from their theoretical and empirical
analysis. In contrast to the commonly used approach of constructing statistics
from the empirical counterpart of the characterizing differential equation whose
solution is the pgf of the distribution under consideration, the proposed tests are
based on an independence-type characterization of the geometric distribution.
The resulting test statistics are based on the discrepancy between the joint V-
empirical pgf and the product of the corresponding marginal V-empirical prob-
ability generating functions associated with the random variables appearing in
the characterization.

The asymptotic null distributions of the proposed statistics are derived, and
their almost sure limits under general conditions are established. In addition,

130



the consistency of parametric bootstrap estimators of the corresponding null dis-
tributions is proved. The finite-sample performance of the tests is then exam-
ined through a comprehensive empirical power study, which shows that the pro-
posed tests behave competitively in comparison with both classical procedures
and more recently developed tests.

Several directions for future research naturally arise from the presented re-
sults. One possible extension is the incorporation of weight functions, that is, the
study of analogous test statistics in the Hilbert space L2

w[0, 1]2, equipped with the
inner product

⟨ f , g⟩w =
∫ 1

0

∫ 1

0
f (s, t)g(s, t)w(s, t) ds dt,

where the weight function w satisfies suitable regularity conditions. From a com-
putational point of view, one feasible choice is

w(t, s) = ta(1 − t)bsc(1 − s)d,

where the positive constants a, b, c, and d may be treated as tuning parameters.
Another possible direction is to replace probability generating functions by

other transformations that uniquely characterize the distribution, with appropri-
ate modifications of the norms in the corresponding Hilbert spaces. Although
such procedures may be computationally more demanding, they could poten-
tially lead to improved power performance.

Beyond extending the applicability of the characterization considered here, it
would also be of interest to investigate new characterizations analogous to those
established for the geometric distribution and to develop gof tests based on them.

Chapter 3 addresses a broader characterization-based framework for gof test-
ing. The main emphasis is placed on the construction of a general class of test
statistics based on independence-type characterizations for families of absolutely
continuous null distributions. Within this framework, the asymptotic properties
of the proposed test are investigated, consistency against fixed alternatives is es-
tablished, and finite-sample performance is assessed by means of a simulation
study.

A detailed comparison with the characterization-based HBKR test and classi-
cal omnibus procedures shows that the proposed approach performs favorably
across a wide range of settings. In particular, the empirical results indicate that
this test often provides an improvement over traditional Kolmogorov-Smirnov
and Cramér-von Mises procedures, especially for smaller sample sizes, while re-
maining competitive with HBKR test based on the same general principle. The
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numerical study further indicates that different implementations of the same
characterization can give rise to substantially different testing procedures, not
only in their construction but also in their ability to detect specific alternatives.

A natural extension of the proposed methodology would be to incorporate
an appropriate weight function into the test statistic. In particular, in parametric
settings, such an approach would also enable a more detailed discussion of how
the choice of tuning parameters affects sensitivity to specific alternatives. Fur-
ther developments could also consider characterizations involving functions of
dimension higher than two, which would make it possible to extend the theoret-
ical results to a broader class of testing problems.

The next part of the dissertation, Chapter 4, concerns gof testing for circular
data, with particular emphasis on the wrapped normal distribution. In this set-
ting, a new testing procedure is developed from an independence-type character-
ization of the null model. The corresponding test statistic is formulated through
the difference between the joint and the product of the marginal V-empirical char-
acteristic functions associated with the characterization.

A detailed theoretical analysis is carried out for the proposed procedure. In
particular, the asymptotic null distribution of the test statistic is obtained, and its
almost sure behavior under general assumptions is established. Its finite-sample
properties are then examined by means of an extensive simulation study, where
the new test is evaluated alongside the procedure based on the L2-type distance
between empirical and theoretical characteristic functions, as well as several clas-
sical gof tests. The numerical findings show that the proposed method performs
competitively across a range of alternatives.

The developments presented in this chapter also indicate several possible di-
rections for future research. These include the study of additional characteriza-
tions analogous to those available for the wrapped normal distribution, compu-
tational refinements aimed at improving performance for larger datasets, and ex-
tensions of the proposed framework to multivariate circular data. In this way, the
chapter contributes not only a new gof procedure for the wrapped normal distri-
bution, but also a broader basis for further advances in the analysis of directional
data.

Chapter 5 is devoted to gof tests constructed as linear combinations of weakly
degenerate V-statistics. The asymptotic distributions of these combined statistics,
derived in the introductory chapter for both known and estimated parameters,
provide the theoretical basis for the methodology developed here. The chapter
presents a general framework for constructing such combined tests and discusses
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the choice of weights, with particular emphasis on weighting each component by
the inverse of its corresponding null standard deviation.

The empirical behavior of the proposed methodology is studied through a
broad simulation analysis covering a wide range of data-generating scenarios.
The results show that the combined statistics provide a useful compromise when
individual tests display contrasting power properties under different alterna-
tives. At the same time, this approach provides a simple and effective alterna-
tive to tuning-parameter selection in families of test statistics indexed by such
parameters. The numerical results show that combining the component statistics
generally yields an improvement in power compared with using each statistic
separately.

The applicability of the method is illustrated through several testing prob-
lems, including exponentiality testing, multivariate normality, and gof for se-
lected directional distributions. The findings presented in this chapter indicate
that the proposed approach is both broadly applicable and practically attractive,
since it improves testing performance while avoiding computationally demand-
ing data-driven tuning procedures.

The final chapter brings together the real-data analyses corresponding to the
testing procedures developed throughout the dissertation. Its purpose is to pro-
vide a unified illustration of the practical applicability of the proposed methods
and to show how they perform in concrete settings arising from different types
of data.
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Halaj, K. and B. Milošević (2025). On the application of Ferguson characterization
for the construction of a goodness-of-fit test for the geometric distribution.
Statistical Methods & Applications 34(3), 545–560.
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Milošević, B. and M. Obradović (2016). Two-dimensional Kolmogorov-type
goodness-of-fit tests based on characterisations and their asymptotic efficien-
cies. Journal of Nonparametric Statistics 28(2), 413–427.
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