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1. Neka je funkcija f : R→ R definisana sa

f(t) =

{
c t e−t

2

, t > 0
0 , t ≤ 0

.

a) Odrediti c ∈ R tako da funkcija f bude gustina raspodele sluqajne veliqine X. (2 poena)

b) Izraqunati matematiqko oqekivaǌe E(X) i disperziju D(X). (3 poena)

v) Odrediti raspodelu sluqajne veliqine Y = X2. (3 poena)

g) Izraqunati koeficijent korelacije ρ(X,Y ). (2 poena)

Rexeǌe. a) Uslovi koji treba da budu ispuǌeni:

– c ≥ 0

–
∫ +∞
−∞ f(t)dt = 1

∞∫
0

cte−t
2

dt =

∣∣∣∣ t2 = u
2tdt = du

∣∣∣∣ = c
2

∞∫
0

e−udu = c
2 = 1⇒ c = 2

b) EX =
∫∞
−∞ tf(t)dt =

∫∞
0

2t2e−t
2

dt =

∣∣∣∣ t2 = u
2tdt = du

∣∣∣∣ =
∫∞

0

√
ue−u = Γ( 3

2 ) =
√
π

2

EX2 =
∫∞
−∞ t2f(t)dt =

∫∞
0

2t3e−t
2

dt =

∣∣∣∣ t2 = u
2tdt = du

∣∣∣∣ =
∫∞

0
ue−u = Γ(1) = 1

DX = EX2 − (EX)2 = 1− π
4

v) P{Y ≤ t} = P{X2 ≤ t} = P{X ≤
√
t} = F (

√
t) =

∫√t
0

2xe−x
2

dx =

∣∣∣∣ x2 = u
2xdt = du

∣∣∣∣ =
∫ t

0
e−udu = 1− e−t

FY (t) =

{
0, t < 0;
1− e−t, t ≥ 0.

g) E(XY ) = E(X3) =
∫∞

0
2t4e−t

2

dt =

∣∣∣∣ t2 = u
2tdt = du

∣∣∣∣ =
∫∞

0
u

3
2 e−u = Γ( 5

2 ) = 3
√
π

4

ρ(X,Y ) = E(XY )−EXEY√
DX
√
DX

=
3
√

π
4 −

√
π
2 ·1√

1−π
4

√
1

=
√
π

2
√

4−π

2. Trougao ∆ ima temena O = (0, 0), A = (1, 3) i B = (2, 1). Neka sluqajni vektor (X,Y ) ima uniformnu
raspodelu na (pravouglom) trouglu ∆, odnosno (X,Y ) ∈ U (∆).

a) Odrediti gustinu raspodele sluqajnog vektora (X,Y ), odnosno fX,Y . (1 poen)

b) Odrediti marginalne gustine raspodela fX i fY . (2 poena)

v) Odrediti raspodelu sluqajne veliqine Z = Y −X. (3 poena)

g) Odrediti fY |X∈(0,1) - uslovnu gustinu raspodele. (4 poena)

Rexeǌe. a) Prav ugao trougla je kod temena B, pa je povrxina trougla: m(∆) =
√

5
√

5
2 = 5

2 .
Tra�ena gustina je:

f(x) =

{ 1
m(∆) = 2

5 , (x, y) ∈ ∆;

0, inaqe.

b) fX(x) =
∫∞
−∞ f(x, y)dy =


∫ 3x

x/2
2
5dy = 2

5 (3x− x
2 ) = x, x ∈ [0, 1)∫ 5−2x

x/2
2
5dy = 2

5 (5− 2x− x
2 ) = 2− x, x ∈ [1, 2]

0, inaqe.

fY (y) =
∫∞
−∞ f(x, y)dx =


∫ 2y

y/3
2
5dx = 2

5 (2y − y
3 ) = 2y

3 , x ∈ [0, 1)∫ 5/2−y/2
y/3

2
5dx = 2

5 ( 5
2 −

y
2 −

y
3 ) = 1− y

3 , x ∈ [1, 3]

0, inaqe.



v) FZ(z) = P{Y −X ≤ z}

=


0, z < −1∫ 5/3−z/3
−2z

∫ x+z

x/2
2
5dydx+

∫ 2

5/3−z/3
∫ 5−2x

x/2
2
5dydx = · · · = 1

3 (z + 1)2, −1 ≤ z < 0∫ z/2
0

∫ 3x

x/2
2
5dydx+

∫ 5/3−z/3
z/2

∫ x+z

x/2
2
5dydx+

∫ 2

5/3−z/3
∫ 5−2x

x/2
2
5dydx = · · · = − 1

6 (z2 − 4z − 2), 0 ≤ z ≤ 2

1, z > 2

g) FY |X∈(0,1)(y) = P{Y ≤ y |X ∈ (0, 1)} = P{Y≤y,X∈(0,1)}
P{X∈(0,1)}

P{X ∈ (0, 1)} =
∫ 1

0
xdx = 1

2

P{Y ≤ y0, X ∈ (0, 1)} =


0, y0 < 0∫ y0/3

0

∫ 3x

x/2
2
5dydx+

∫ 2y0
y0/3

∫ y0
x/2

2
5dydx = · · · = y20

3 , 0 ≤ y0 <
1
2∫ y0/3

0

∫ 3x

x/2
2
5dydx+

∫ 1

y0/3

∫ y0
x/2

2
5dydx = · · · = − 1

15y
2
0 + 2

5y0 − 1
10 ,

1
2 ≤ y0 ≤ 3

1
2 , y0 > 3

FY |X∈(0,1)(y) =


0, y < 0
2y2

3 , 0 ≤ y < 1
2

− 2
15y

2 + 4
5y −

1
5 ,

1
2 ≤ y ≤ 3

1, y > 3

fY |X∈(0,1)(y) =


4
3y, y ∈ [0, 1

2 )
− 4

15y + 4
5 , y ∈ [ 1

2 , 3]
0, inaqe.

Napomena. Jednaqina prave kroz dve taqke A(x0, y0) i B(x1, y1) je: y − y0 = y1−y0
x1−x0

(x− x0).
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