
Zlatko Lazovi�

Zadatak 0.1. Izraqunati
1∫
0

dx√
2x2+4x+3

.

Rexe�e.

I =

1∫
0

dx√
2x2 + 4x+ 3

=
1√
2

∫ 1

0

dx√
x2 + 2x+ 3

2

=
1√
2

∫ 1

0

dx√
(x+ 1)2 + 1

2

=

(
x+ 1 = t
dx = dt

)
=

1√
2

2∫
1

dt√
t2 + 1

2

=
1√
2
ln

(
t+

√
t2 +

1

2

)∣∣∣∣∣
2

1

=
1√
2
ln

2 +
√

9
2

1 +
√

3
2

=
1√
2
ln

2
√
2 + 3√

2 +
√
3
=

1√
2
ln
(
2
√
6− 4 + 3

√
3− 3

√
2
)
.

4

Zadatak 0.2. Izraqunati I =

3∫
2

dx

x3 + x2 − 2
.

Rexe�e.

3∫
2

dx

x3 + x2 − 2
=

3∫
2

dx

(x− 1)(x2 + 2x+ 2)
,

Mno�e�em jednakosti

1

x3 + x2 − 2
=

1

(x− 1)(x2 + 2x+ 2)
=

A

x− 1
+

Bx+ C

x2 + 2x+ 2

sa (x+ 1)(x2 + 2x+ 2) dobijamo sistem

A+B = o, 2A−B + C = 0, 2A− C = 1

qije je rexe�e A = 1
5
, B = −1

5
, C = −3

5
. Prema tome, integral je jednak

3∫
2

( 1
5

x− 1
+
−1

5
x− 3

5

x2 + 2x+ 2

)
=

1

5

3∫
2

dx

x− 1
− 1

5

3∫
2

x+ 3

x2 + 2x+ 2
dx =

1

5
I1 −

1

5
I2,

I1 =

3∫
2

dx

x− 1
= ln(x− 1)|32 = ln 2,

I2 =

3∫
2

x+ 3

x2 + 2x+ 2
dx =

1

2

3∫
2

2x+ 6

x2 + 2x+ 2
dx =

1

2

3∫
2

2x+ 2

x2 + 2x+ 2
dx+

1

2

3∫
2

4

x2 + 2x+ 2
dx

=
1

2
ln(x2 + 2x+ 2)|32 + 2

∫ 3

2

dx

(x+ 1)2 + 1
=

1

2
ln

17

10
+ 2arctg(x+ 1)|32

=
1

2
ln

17

10
+ 2arctg 4− 2arctg 3.
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Dobili smo

I =
1

5
I1 −

1

5
I2 =

1

5
ln 2− 1

10
ln

17

10
− 2

5
arctg 4 +

2

5
arctg 3.

4

Zadatak 0.3. Izraqunati I =

∫
x2arctg

1

x
dx.

Rexe�e.

I =

∫
x2arctg

1

x
dx =

(
u = arctg 1

x
⇒ du = 1

1+ 1
x2

(
− 1

x2

)
dx = − dx

x2+1

dv = x2 dx ⇒ v = x3

3

)

=
x3

3
· arctg 1

x
+

∫
x3

3

dx

x2 + 1
=
x3

3
· arctg 1

x
+

1

3

∫
x3dx

x2 + 1
=
x3

3
· arctg 1

x
+

1

3
I1,

I1 =

∫
x3dx

x2 + 1
=

(
x2 + 1 = t
2xdx = dt

)
=

1

2

∫
(t− 1)dt

t
=

1

2
(t− ln |t|) + C

=
1

2

(
x2 + 1− ln |x2 + 1|

)
+ C,

I =
1

3
x3arctg

1

x
+

1

6
(x2 + 1)− 1

6
ln(x2 + 1) + C.

4

Zadatak 0.4. Izraqunati

π
4∫

−π
4

13 + arctg x+ ex cos2 x

cosx
dx.

Rexe�e. Va�i

I =

π
4∫

−π
4

13 + arctg x+ ex cos2 x

cosx
dx =

π
4∫

−π
4

(
13

cosx
+

arctg x

cosx
+ ex cosx

)
dx

= 13

π
4∫

−π
4

dx

cosx
+

π
4∫

−π
4

arctg x

cosx
dx+

π
4∫

−π
4

ex cosx dx = I1 + I2 + I3,

pri qemu je

I1 = 13

π
4∫

−π
4

dx

cosx
= 13

π
4∫

−π
4

cosxdx

cos2 x
=

(
sinx = t

cosxdx = dt

)
= 13

√
2
2∫

−
√
2

2

dt

1− t2
=

13

2
ln

1 + x

1− x

∣∣∣∣
√

2
2

−
√
2
2

=
13

2

(
ln

1 +
√
2
2

1−
√
2
2

− ln
1−

√
2
2

1 +
√
2
2

)
=

13

2

(
ln

2 +
√
2

2−
√
2
− ln

2−
√
2

2 +
√
2

)
= 13 ln

2 +
√
2

2−
√
2
,
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I2 =

π
4∫

−π
4

arctg x

cosx
dx = 0.

Uradimo neodre�eni integral

I3 =

∫
ex cosxdx =

(
u = cosx ⇒ du = − sinxdx

dv = ex ⇒ v = ex

)
= ex cosx+

∫
ex sinxdx =

(
u = sinx ⇒ du = cosx
dv = ex ⇒ v = ex

)
= ex cosx+

(
ex sinx−

∫
cosxex

)
= ex cosx+ ex sinx−

∫
cosxex = ex cosx+ ex sinx− I3.

Dobili smo da je

I3 =
1

2
ex(cosx+ sinx) + C,

odakle je

I3 =
1

2
ex(cosx+ sinx)

∣∣∣∣π4
−π

4

=
1

2
e
π
4

(√
2

2
+

√
2

2

)
=

√
2

2
e
π
4 .

Prema tome,

I = 13 ln
2 +
√
2

2−
√
2
+

√
2

2
e
π
4 .

4

Zadatak 0.5. Izraqunati obim i povrxinu figure ograniqene krivom (x−1)2+y2 = 4
i pravama y = 0, x = 1 i

√
3x+ 3y − 3

√
3 = 0. Zatim, odrediti zapreminu tela koje se

dobija rotacijom date figure oko x-ose.

Rexe�e.

P =

0∫
−1

√
4− (x− 1)2 dx+

2
√
3

3
+
√
3

2
=

0∫
−1

√
4− (x− 1)2 dx+

5
√
3

6
=

(
x− 1 = t
dx = dt

)

=

−1∫
−2

√
4− t2 dt+ 5

√
3

6
=

(
t = 2 sinu

dt = 2 cosudu

)
= 4

−π
6∫

−π
2

cos2 udu+
5
√
3

6

= 2

−π
6∫

−π
2

(1 + cos 2u)du+
5
√
3

6
= 2

(
u+

1

2
sin 2u

)∣∣∣∣−π6
−π

2

+
5
√
3

6
= (2u+ sin 2u)|−

π
6

−π
2
+

5
√
3

6

= 2
(
−π
6
+
π

2

)
− 1

2
+

5
√
3

6
=

2π

3
−
√
3

2
+

5
√
3

6
=

2π

3
+

√
3

3
.

O = O1 +O2 +O3 +O4 = 2 +
2
√
3

3
+

√√√√(0− 1)2 +

(
√
3− 2

√
3

3

)2

+O4

= 2 +
2
√
3

3
+

2
√
3

3
+O4 = 2 +

4
√
3

3
+O4,
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O4 =

0∫
−1

√
1 + [y′(x)]2 dx =

0∫
−1

√
1 +

[(√
4− (x− 1)2

)′]2
dx

=

0∫
−1

√√√√1 +

[
−2(x− 1)

2
√

4− (x− 1)2

]2
dx =

0∫
−1

√
1 +

(x2 − 2x+ 1)

4− (x− 1)2
dx

=

0∫
−1

√
4− x2 + 2x− 1 + x2 − 2x+ 1

4− (x− 1)2
dx = 2

0∫
−1

1√
4− (x− 1)2

dx

(
t = x− 1
dt = dx

)

= 2

−1∫
−2

1√
4− t2

dt = 2arcsin
t

2

∣∣∣∣−1
−2

= 2
(
−π
6
+
π

2

)
=

2π

3
,

O = 2 +
4
√
3

3
+O4 = 2 +

4
√
3

3
+

2π

3
.

V = V1 + V2 = π

0∫
−1

(√
4− (x− 1)2

)2
dx+ π

1∫
0

(
√
3−
√
3

3
x

)2

dx

= π

0∫
−1

(3 + 2x− x2) dx+ π

1∫
0

(
3− 2x+

1

3
x2
)

dx

= π

(
3x+ x2 − x3

3

)∣∣∣∣0
−1

+ π

(
3x− x2 − x3

9

)∣∣∣∣1
0

= π

(
3− 1− 1

3

)
+ π

(
3− 1− 1

9

)
=

34

9
π.

4
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